AN EXTENDED DEFINITION OF ANOSOV REPRESENTATION FOR

RELATIVELY HYPERBOLIC GROUPS

THEODORE WEISMAN

ABSTRACT. We define a new family of discrete representations of relatively hyperbolic
groups which unifies many existing definitions and examples of geometrically finite
behavior in higher rank. The definition includes the relative Anosov representations
defined by Kapovich-Leeb and Zhu, and Zhu-Zimmer, as well as holonomy representations
of various different types of “geometrically finite” convex projective manifolds. We
prove that these representations are all stable under deformations whose restriction
to the peripheral subgroups satisfies a dynamical condition, in particular allowing for
deformations which do not preserve the conjugacy class of the peripheral subgroups.
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1.1. Overview. Classically, the best understood discrete subgroups of rank one Lie groups
have been those that are convex cocompact, or equivalently quasi-isometrically embedded.
Only slightly less well-behaved, however, are the geometrically finite subgroups. While
geometrically finite subgroups are not always quasi-isometrically embedded, all of their
distortion is confined to isolated “cuspidal” regions of their orbits. Thus, these subgroups
can still be understood using hyperbolic geometry, by piecing together the behavior of their

peripheral subgroups.

Since the practice of isolating non-hyperbolic behavior has been succesful in rank one, it
is reasonable to try and extend the technique when investigating the still mysterious world of
discrete subgroups of higher-rank Lie groups. The natural generalization of convex cocompact
groups in higher rank is given by Anosov subgroups. Originally defined by Labourie [Lab06]
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and Guichard-Wienhard [GW12], Anosov subgroups are a class of Gromov-hyperbolic discrete
subgroups of semisimple Lie groups, which have many dynamical and geometric properties
in common with convex cocompact groups. They have allowed many tools and ideas from
rank-one geometry to be applied fruitfully in higher rank.

The main goal in this paper is therefore to provide a higher-rank version of geometrical
finiteness by defining a new class of subgroups which have isolated “non-Anosov” behavior.
As in rank one, in this situation we can hope to understand the entire subgroup by stitching
together what happens on the isolated pieces.

Formally, we introduce the theory of extended geometrically finite (or EGF') representations
as a unifying framework for studying “relativized Anosov” groups. An EGF representation
is always a discrete finite-kernel representation of a relatively hyperbolic group I' into some
semisimple Lie group G. An important feature of the definition is that it places essentially
no restrictions on the induced representations of the peripheral subgroups of I'. This strongly
contrasts with previous (less general) notions of relative Anosov representation due to
Kapovich-Leeb [KL23] and Zhu [Zhu21] (see also [2Z22]). These definitions unavoidably
impose strict requirements on peripherals, and thus cannot capture many interesting examples
of intrinsically higher-rank behavior.

The starting point for our framework is a definition of Anosov representation in terms of
topological dynamics: if I' is a hyperbolic group, G is a semisimple Lie group, and P C G
is a symmetric parabolic subgroup, a representation p : I' — G is P-Anosov if there is a
p-equivariant embedding £ : 9" — G/ P of the Gromov boundary OI" of I satisfying certain
dynamical properties.

Existing notions of relative Anosov representation simply replace ¢ with an embedding of
the Bowditch boundary of a relatively hyperbolic group. Our idea is to instead reverse the
direction of the boundary map: we characterize geometrical finiteness via the existence of
an equivariant map from a closed subset of a flag manifold to the Bowditch boundary of a
relatively hyperbolic group, rather than the other way around.

This “backwards” boundary map does not need to be a homeomorphism, which makes our
definition much more flexible. For instance, the relative Anosov subgroups of Kapovich-Leeb
and Zhu can have no subgroup which is isomorphic to a lattice in a higher-rank Lie group—a
limitation which is not shared by EGF representations. The definition also makes EGF
representations better suited for studying the rich world of convex projective structures
on manifolds, which provide a number of examples of discrete subgroups of Lie groups
displaying an intriguing mix of “higher rank” and “rank one” phenomena. In particular,
EGF representations interact well with the theory of convexr cocompact projective actions
developed by Danciger-Guéritaud-Kassel [DGK24]; see Section 1.4 below.

Relative stability. Another significant advantage of the flexibility inherent in our definition
is that it allows for a strong stability property (see Theorem 1.4 below), which generalizes
the stability of Anosov representations originally demonstrated by Labourie [Lab06]. Tt is
not true that an arbitrary (sufficiently small) deformation of an EGF representation is still
EGF; indeed, it is possible to find small deformations of geometrically finite representations
in rank one which are not even discrete. However, we prove that any EGF representation
p: ' = G is relatively stable: any small deformation of p in Hom(I', G) which satisfies a
condition on the peripheral subgroups is also EGF.

This peripheral condition—which we call peripheral stability—is very general, and can
hold even in the absence of a topological conjugacy between the actions of the original
peripheral subgroups and their deformations. As a result, EGF representations provide a
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unifying framework for understanding the transitions between discrete relatively hyperbolic
groups with qualitatively different cuspidal behavior (see e.g. [Wei23b, Sec. 5]). In particular,
the notion of peripheral stability can even describe transitions between “Anosov” and “non-
Anosov” behavior of cusp groups. This means that our framework can be used to understand
situations where non-Anosov subgroups occur as limits of Anosov subgroups.

In fact, even in the rank-one case (where Anosov subgroups are precisely same as convex
cocompact groups), such transitions are still not completely understood, and in upcoming
work [GW24] we plan to explore applications of the theory of EGF representations in this
setting specifically.

We note also that the main stability theorem for EGF representations can be used to
deduce new results about less dramatic transitions between representations. For instance,
since EGF representations generalize the relative Anosov representations of Kapovich-Leeb
and Zhu, one can apply the theorem to obtain a relative stability result for relative Anosov
representations (see Section 1.5 below for a comparison of this result with independent work
of Zhu-Zimmer). In another direction, see [Wei23b, Section 6] for an application of the
theorem towards an absolute (i.e. non-relative) stability property for a family of discrete
non-hyperbolic groups.

Relative automata. To prove the general stability theorem, we introduce a general tool: a
relative automaton giving a “relative coding” for points in the Bowditch boundary of an
arbitrary relatively hyperbolic group. The construction is loosely based on Sullivan’s symbolic
coding of points in the limit set of a convex cocompact group in rank one (recently adapted
and generalized by Kapovich-Kim-Lee [KKL19]), as well as an “automatic” description of
Anosov representations due to Bochi-Potrie-Sambarino [BPS19]. We expand on the basic
idea in two different ways simultaneously.

First, rather than coding points in the “limit set” of some discrete faithful representation,
we essentially code fibers in the invariant set A surjecting onto the Bowditch boundary of
our relatively hyperbolic group. Second, we provide a way to code parabolic points (or more
accurately, “parabolic fibers”) in a way which is compatible with the coding for generic
points in the Bowditch boundary.

We remark again that even though both of these innovations were originally developed to
better understand the behavior of discrete subgroups of higher-rank Lie groups, they are
also directly useful outside of this context. For example, in [MMW22], [MMW24], we show
how to apply the ideas appearing in this paper towards the theory of abstract (relatively)
hyperbolic groups, and in future work [GW24] we will explore applications to geometrically
finite subgroups in rank-one. It seems possible that there are additional applications beyond
even these, for instance towards subgroups of mapping class groups.

1.2. Main definition. In the rest of the introduction we give some more detail regarding
the central definition of this paper and the main results surrounding it.

If I' is a relatively hyperbolic group, relative to a collection H of peripheral subgroups, then
T" acts as a convergence group on the Bowditch boundary 9(I', ). We recall the definition
here.

Definition 1.1. Let I' act on a topological space M. The group I' is said to act as a
convergence group if for every infinite sequence of distinct elements ,, € I, there exist points
a,b € M and a subsequence 7, € I' such that -,, converges uniformly on compacts in
M — {a} to the constant map b.
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When 7, is a sequence of distinct elements in a relatively hyperbolic group I', then ~,
converges to b uniformly on compacts in 9(T', H) — {a} if and only if v,, converges to b in the
compactification T' = T'LUJ(T', H) and the inverse sequence 7,1 converges to a (see [Tuk94,
Theorem 3A]).

Recall that if a group T' acts by homeomorphisms on a Hausdorff space X, the pair (T, X)
is called a topological dynamical system. We say that an extension of (T', X) is a topological
dynamical system (I',Y") together with a I'-equivariant surjective map ¢:Y — X.

In this paper, when (I',H) is a relatively hyperbolic pair (i.e. I" is hyperbolic relative
to a collection H of peripheral subgroups), we will consider embedded extensions of the
topological dynamical system (I, 9(T",H)). We want these embedded extensions to respect
the convergence group action of (I', d(I', H)) in some sense, so we introduce the following
definition:

Definition 1.2. Let (I',H) be a relatively hyperbolic pair, with I" acting on a connected
compact metrizable space M by homeomorphisms. Let A C M be a closed I'-invariant set.

We say that a continuous equivariant surjective map ¢ : A — I(I',’H) extends the
convergence action of T if for each z € O(T', H), there exists an open set C, C M satisfying
the following:

(C1) For every compact K C O(I',H), the set (), C. contains an open neighborhood of
¢~ L0, H) — K).

(C2) For every sequence v, in I' with ! — 24 for z € 9(I',’H), then for any compact
set K C C,_ and any open set U containing ¢~'(z, ), for sufficiently large n, v, - K
lies in U.

In this situation, we also say that the action of I' on M is an extended convergence action
(or that T acts on M as an extended convergence group). The map ¢ is called a boundary
extension for the action, the closed invariant set A is called a boundary set, and the sets C,
are called repelling strata.

Now let G denote a semisimple Lie group with no compact factor. The central definition
of the paper is the following:

Definition 1.3. Let ' be a relatively hyperbolic group, let p : I' — G be a representation,
and let P C G be a symmetric parabolic subgroup. We say that p is extended geometrically
finite (EGF) with respect to P if there exists a closed p(I')-invariant set A C G/P and a
continuous p-equivariant surjective antipodal map ¢ : A — 9(T', H) extending the convergence
action of T'.

We refer to Section 4 for the definition of “antipodal map” in this context.

1.3. Main results. Like (relative) Anosov representations, extended geometrically finite
representations are always discrete with finite kernel (see 4.1). The central result of this
paper says that EGF representations have a relative stability property: if p is an EGF
representation, then certain small relative deformations of p must also be EGF.

To state the theorem, we define a notion of a peripherally stable subspace of Hom(T', G).
The precise definition is given in Section 9, but roughly speaking, a subspace W C Hom(T', G)
is peripherally stable if the large-scale dynamical behavior of the peripheral subgroups of I'
is in some sense preserved by small deformations inside of WW. We emphasize again that the
action of a deformed peripheral subgroup does not need to be even topologically conjugate
to the action of the original peripheral subgroup.

We prove the following:
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Theorem 1.4. Let p: T — G be EGF with respect to P, let ¢ : A — O(T',H) be a boundary
extension, and let W C Hom(T', G) be peripherally stable at (p, $). For any compact subset Z
of (T, H) and any open set V C G/P containing ¢~ (Z), there is an open subset W' C W
containing p such that each p’ € W' is EGF with respect to P, and has an EGF boundary
extension ¢’ satisfying ¢’ (Z) C V.

Remark 1.5. When p : I' — G is a P-Anosov representation of a hyperbolic group I,
then the associated boundary embedding OT' — G/P also varies continuously with p in
the compact-open topology on maps 0I' — G/P. Since EGF representations come with
boundary extensions (rather than embeddings), Theorem 1.4 only gives us a semicontinuity
result.

We expect that it is possible to extend the methods of this paper to prove stronger
continuity results when the original EGF representation p : I' — G satisfies additional
assumptions; see the discussion following Corollary 1.13.

While the peripheral stability condition in Theorem 1.4 is mildly technical, we can also
apply it to yield more concrete results.

Definition 1.6. Let (I',{) be a relatively hyperbolic pair, and let p : ' — G be a
representation. The space of cusp-preserving representations Hom.,(I', G, H, p) is the set
of representations p’ : I' — G such that for each peripheral subgroup H € H, we have
o'l =g plg-g~! for some g € G (which may depend on H).

Corollary 1.7. Let p: T' = G be an EGF representation. Then there is a neighborhood of p
in Home,(I', G, H, p) consisting of EGF representations.

Corollary 1.7 gives a very restrictive example of a peripherally stable subspace of Hom(T', G).
But, in general the peripheral stability condition is flexible enough to allow peripheral
subgroups to deform in nontrivial ways.

In particular, it is possible to find peripherally stable deformations of an EGF representa-
tion p : I' = PGL(d, R) which change the Jordan block decomposition of elements in the
peripheral subgroups. For instance, one can deform an EGF representation in PGL(d, R) with
unipotent peripheral subgroups into an EGF representation with diagonalizable peripheral
subgroups—see Example 9.3.

1.4. Examples. The related paper [Wei23b] is focused on examples of EGF representations.
For illustrative purposes, however, we briefly describe some examples here.

1.4.1. Convex projective structures. A host of examples of Anosov representations arise from
the theory of convex projective structures; see e.g. [Ben04], [Ben06b], [Kap07], [DGK18],
[DGK*21]. In fact, work of Danciger-Guéritaud-Kassel [DGK24] and Zimmer [Zim21] implies
that Anosov representations can be essentially characterized as holonomy representations of
convex cocompact projective orbifolds with hyperbolic fundamental group. However, convex
projective structures also yield a number of interesting examples of discrete non-Anosov
subgroups of PGL(d,R). In many cases, the groups in question are relatively hyperbolic,
and appear to have “geometrically finite” properties.

The theory of EGF representations is well-suited to these examples. For instance, in
[Wei23b], we apply some of our previous work [Wei23a] together with work of Islam-Zimmer
[IZ22] to see that whenever a subgroup I' C PGL(d, R) is relatively hyperbolic and projectively
convez cocompact in the sense of [DGK24], then the inclusion I' — PGL(d,R) is EGF with
respect to the parabolic subgroup stabilizing a flag of type (1,d — 1) in RY. If T is not
hyperbolic, then these examples are not covered by other definitions of relative Anosov
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representations (see [Wei23a, Remark 1.14]); such non-hyperbolic examples have been
constructed in e.g. [Ben06a], [BDL15], [CLM20], [CLM22], [DGK*21], [BV23].

In [CM14], Crampon-Marquis introduced several definitions of “geometrical finiteness’
for strictly convex projective manifolds. Not all of their definitions are equivalent (and in
fact some of the originally claimed equivalences were incorrect); recently Blayac—Marquis
[BCM12] gave a correction clarifying the situation greatly. In [Zhu21], Zhu proved that
manifolds satisfying one of their definitions have “relative Anosov” holonomy in the sense of
[KL23], [Zhu21], [ZZ22] (see Section 1.5), which means they also have EGF holonomy by
Theorem 1.10 below. Examples can be found by deforming geometrically finite groups in
PO(d, 1) into PGL(d + 1,R) while keeping the conjugacy classes of cusp groups fixed (see
[Ball4], [BM20], [CLT18]), or via Coxeter reflection groups [CLM22].

There are, however, more general notions of “geometrically finite” convex projective
structures. In [CLT18], Cooper-Long-Tillmann considered the situation of a convex projective
manifold M (with strictly convex boundary) which is a union of a compact piece and finitely
many ends homeomorphic to N X [0,00), where N is a compact manifold with virtually
nilpotent fundamental group. The ends of such a manifold are called “generalized cusps,”
and the possible “types” of generalized cusps were later classified by Ballas-Cooper-Leitner
[BCL20]. Examples of projective manifolds with generalized cusps have been produced
by Ballas [Bal21], Ballas-Marquis [BM20], and Bobb [Bob19]. In general the holonomy
representations of these manifolds are not “relative Anosov” in the sense of [ZZ22], but in
[Wei23b] we prove that they do provide additional examples of EGF representations. The
proof is an application of Theorem 1.4: it turns out that peripheral stability is actually flexible
enough to allow for deformation between the different Ballas-Cooper-Leitner generalized
cusp types.

)

Remark 1.8. In the EGF examples described above, M is a convex projective manifold
which decomposes into a compact piece and finitely many generalized cusps, and the universal
cover of the compact part is a subset of M C P(R?) with no nontrivial segments in its ideal
boundary. There are indications that, if M is any convex projective manifold satisfying
these conditions, then M should have EGF holonomy; see for example [Chol0], [Wol20] and
the general setup in [IZ22], [BV23]|. However, we do not (yet) have a general theorem for a
statement along these lines.

After a version of this paper originally appeared as a preprint, Blayac-Viaggi [BV23] also
produced still more general examples of convex projective n-manifolds which decompose
into a compact piece and several projective “cusps.” In these examples (which can arise
as limits of convex cocompact representations), each cusp is finitely covered by a product
N x S8 x [0,00), where N is a closed hyperbolic manifold of dimension n — 2. Consequently,
these manifolds do not have “generalized cusps” in the sense of Cooper-Long-Tillmann, and
their fundamental groups cannot even admit relative Anosov representations. Nevertheless,
Blayac-Viaggi showed that the holonomy representations of their examples are always EGF.

1.4.2. Other examples. In [Wei23b], we construct additional examples of EGF representations
by considering compositions of projectively convex cocompact representations p : I' —
PGL(V) with the symmetric representation 75, : PGL(V) — PGL(Sym” V). We show that,
assuming the peripheral subgroups in I' are all virtually abelian, then the composition 74 0 p is
still EGF; this holds even though the compositions are not believed to be convex cocompact.

We are also able to prove that the entire space Hom(I‘,PGL(Symk V) is peripherally
stable about 73 0 p. Via Theorem 1.4, this gives a new source of examples of stable discrete
subgroups of higher-rank Lie groups.
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1.5. Comparison with relative Anosov representations. Previously, Kapovich—Leeb
[KL23] and Zhu [Zhu21] independently introduced several notions of a relative P-Anosov
representation, where P is a parabolic subgroup of a semisimple Lie group G. Later work of
Zhu—Zimmer [Z722] showed that Zhu’s definition (that of a relatively dominated representa-
tion) is equivalent to essentially the most general Kapovich-Leeb definition (specifically, of a
relatively asymptotically embedded representation). Zhu—Zimmer further proved that several
of the Kapovich-Leeb definitions are equivalent in the case where G = SL(d,K) (K =R or
C). In the special case where the domain group is isomorphic to a Fuchsian group, these
definitions also all agree with a notion of relative Anosov representation for Fuchsian groups
introduced by Canary-Zhang—Zimmer [CZZ21].

For the rest of this paper we refer to representations satisfying any of these equivalent
definitions as relative Anosov representations. Note that we will never simply say “Anosov
representation” when we mean to refer to a relative Anosov representation (this differs from
the convention in [CZZ21]).

Remark 1.9. For a parabolic subgroup P in a general semisimple Lie group G, the different
definitions for a “relatively P-Anosov representation” suggested by Kapovich—Leeb are not
all the same. See Example 4.18.

The theorem below says that extended geometrically finite representations are a strict
generalization of relative Anosov representations. Additionally, it provides a precise charac-
terization of when an EGF representation is also relative Anosov.

Theorem 1.10. Let (I',H) be a relatively hyperbolic pair, and let P C G be a symmetric
parabolic subgroup. A representation p : I' — G is relatively P-Anosov if and only if p is
EGF with respect to P, and has an injective boundary extension ¢ : A — (L', H).

We emphasize again that almost all of the EGF examples mentioned in Section 1.4 are
not relative Anosov, so the theorem tells us that in many cases it is actually not possible to
construct an injective boundary extension for a given EGF representation.

Remark 1.11. By Proposition 4.15, any EGF representation has a boundary extension
which is injective on preimages of conical limit points. So, in the case where the peripheral
structure # is trivial (meaning that T is a hyperbolic group and (T, H) is identified with the
Gromov boundary 9T of T'), Theorem 1.10 implies that EGF representations are precisely
the same as (non-relative) Anosov representations.

This actually gives a new characterization of Anosov representations, since a priori the
EGF boundary extension ¢ surjecting onto the Gromov boundary of a hyperbolic group does
not need to be a homeomorphism; the theorem tells us that if such a boundary extension
exists, then it is possible to replace ¢ with an injective boundary extension, whose inverse is
the Anosov boundary map.

1.5.1. Stability for relative Anosov representations. In [K1.23], Kapovich-Leeb suggested
that a relative stability result should hold for relative Anosov representations, but did not
give a precise statement. By applying Theorem 1.4, Proposition 4.15, and Theorem 1.10, we
obtain the following stability theorem:

Theorem 1.12. Let (I',H) be a relatively hyperbolic pair, let p : T' — G be a relative
P-Anosov representation, and let W C Hom(T', G) be a peripherally stable subspace, such
that for each H € H and each p' € W, the restriction p'| g is P-divergent with P-limit set a
singleton. Then an open neighborhood of p in W consists of relative P-Anosov representations
of I.
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If we restrict the allowable peripheral deformations to conjugacies, this result reduces to:

Corollary 1.13. Let (I, H) be a relatively hyperbolic pair, and let p: I' — G be a relative
P-Anosov representation. There is an open neighborhood of p in Home,(I', G, H, p) consisting
of relative P-Anosov representations.

Remark 1.14. In the special case where I' is isomorphic to a Fuchsian group, Corollary 1.13
follows from previous work of Canary-Zhang-Zimmer [CZZ21]. Corollary 1.13 itself was
also proved independently by Zhu-Zimmer [Z722], who showed further that the associated
relative boundary maps vary continuously (in fact, analytically). The methods used in
[CZ7Z21] and [Z722] are considerably different from those in this paper, and they do not
imply Theorem 1.4 or Theorem 1.12 (and they do not apply to most of the examples of
deformations considered in the companion paper [Wei23b]).

As Zhu-Zimmer observe, it seems unlikely that their techniques can be easily adapted for
the general study of EGF representations, or for the general class of relative deformations
considered in this article. On the other hand, while we expect that the methods in this paper
could be used to generalize the Zhu-Zimmer result regarding continuously varying boundary
embeddings for relative Anosov representations, it does not seem simple to use our approach
to study analytic variation of the boundary maps.

Remark 1.15. After this paper was originally posted, Wang [Wan23b] showed that the
situation of an EGF representation p with P-divergent image can be interpreted in terms of
restricted Anosov representations, i.e. representations which are Anosov “along a subflow”
of a certain flow space associated to the representation (see [Wan23a]). Using these ideas,
Wang proves a version of Corollary 1.7 for this special class of EGF representations.

1.6. Further applications, and potential future applications.

1.6.1. Anosov relativization. When T is a relatively hyperbolic group, the Bowditch boundary
of T' (and thus, the definition of an EGF representation) depends on the choice of peripheral
structure H for I'. In general, there might be more than one possible choice: for instance, if
a group [ is hyperbolic relative to a collection H of hyperbolic subgroups, then I' is itself
hyperbolic, relative to an empty collection of peripheral subgroups (see [DS05, Corollary
1.14]).

In this paper, we prove the following Anosov relativization theorem:

Theorem 1.16. Let (I',H) be a relatively hyperbolic pair, and suppose that each H € H
s hyperbolic. If p: T' = G is an EGF representation with respect to P for the peripheral
structure H, and p restricts to a P-Anosov representation on each H € H, then p is a
P-Anosov representation of .

See [GW24] for one application of this theorem. Another potential application is the
construction of new examples of Anosov representations: one could start with an EGF
representation p : I' — G which is not Anosov, and then attempt to find a peripherally
stable deformation of p which restricts to an Anosov representation on peripheral subgroups.
Theorem 1.4 and Theorem 1.16 would then imply that the original representation p can
be realized as a non-Anosov limit of Anosov representations in the peripherally stable
deformation space. We plan to explore applications of this type in upcoming work with
Danciger.

1.6.2. Limits of Anosov representations. In [LLS26], Lee-Lee-Stecker considered the defor-
mation space of Anosov representations p : I'p 4 » — SL1(3,R), where I, , , is a triangle
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reflection group, and showed that certain components of this space have representations in
their boundary which are not Anosov. Interestingly, these limiting representations still have
equivariant injective boundary maps from 9T, , . into the space of full flags in R3, but they
fail to be Anosov because the boundary maps fail to be transverse.

The limiting representations in question are not relatively Anosov, but it turns out that
they are EGF. More precisely, we have the following:

Proposition 1.17. Let I', , . be a hyperbolic triangle reflection group with p,q,r odd, so that
(by [LLS26]) the space of Anosov representations I'y, 4 » — SL1(3,R) has a component whose
closure in the character variety is a compact interval. The representations in the boundary
of this interval are not relatively Anosov, but they are EGF, with respect to the peripheral
structure corresponding to the cyclic subgroup generated by the Cozeter element v € I'p 4 .

Proof sketch. Let p be one of the representations in the boundary of the interval; as mentioned
above, [LLS26] shows that there is a (non-antipodal) p-equivariant embedding from oIy ,
to the space of full flags in R3, with image A. There is a continuous equivariant surjective
map 0Ly g — O} q.r, 1), where H is the collection of conjugates of the cyclic subgroup
() (see Section 4.6). This implies that the boundary embedding determines a continuous
equivariant map A — 9(I'p g, H). [LLS26, Lem. 7.1] implies that this map is actually
antipodal, so this is the candidate boundary extension.

One may then check (say using the result in the appendix to this paper) that the general
construction in [LLS26, Sec. 4] implies that p is also P o-divergent along quasi-geodesic
sequences, with Pj o-limit points lying in the image of the boundary embedding; here P 5 is
the stabilizer of a full flag in R®. This makes it straightforward to verify the hypotheses of
several of our alternative characterizations of EGF representations (either Proposition 4.13 or
Proposition 8.4). That p is not relatively Anosov may be seen from Theorem 1.10, together
with the fact that the P o-limit set of p((7)) is not a singleton. O

Together with the Anosov relativization theorem mentioned above, the proposition provides
evidence that EGF representations can serve as a useful tool in the study of boundaries
of spaces of Anosov representations. In addition, it gives a source of examples of EGF
representations which do not directly derive from convex projective structures.

1.6.3. Deformations in rank one. Even in rank one, the deformation theory of geometri-
cally finite representations is not completely understood. In [Bow98], Bowditch described
circumstances which guarantee that a small deformation of a geometrically finite group
I' € PO(d,1) is still geometrically finite, but his criteria do not have an obvious analog
in other rank one Lie groups. Moreover, the conditions Bowditch gives are too strict to
allow for deformations which change the homeomorphism type of the limit set A(T"). Such
deformations exist and are often peripherally stable, meaning that the EGF framework could
be used to understand them further. It even seems possible that a version of the theory
could be applied in circumstances where the isomorphism type of I' is allowed to change.

1.7. Outline of the paper. We begin by providing some background in Sections 2 and 3,
and then give the full formal definition of EGF representations in Section 4. In that section
we also prove Theorem 1.10 (giving the connection between EGF representations and relative
Anosov representations) and Theorem 1.16 (the Anosov relativization theorem). Some of
these proofs assume the results of later sections, but they are not relied upon anywhere else
in the paper.

The rest of the paper is devoted to the proof of our main stablity theorem for EGF
representations (Theorem 1.4). In Section 5 and Section 6, we develop the main technical
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tool needed for the proof, which involves using the notion of an extended convergence group
action to construct the relative quasigeodesic automaton alluded to previously. Then, in
Section 7, we prove a key result (Proposition 7.11) regarding a metric on certain open subsets
of flag manifolds G/ P, which we use to relate the results of the previous sections to relatively
hyperbolic group actions on G/P. Then, we use all of these tools to develop an alternative
characterization of EGF representations in Section 8, and finally prove our main theorem in
Section 9.

1.8. Acknowledgements. The author thanks his PhD advisor, Jeff Danciger, for encour-
agement and many helpful conversations—without which this paper could not have been
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2. RELATIVE HYPERBOLICITY

In this section we discuss some of the basic theory of relatively hyperbolic groups, mostly
to establish the notation and conventions we will use throughout the paper. We refer to
[BH99], [Bowl2], [DS05] for background on hyperbolic groups and relatively hyperbolic
groups. See also section 3 of [KL23] for an overview (which we follow in part here).

Notation 2.1. Throughout this paper, if X is a metric space, A is a subset of X, and r > 0,
we let Nx(A,r) denote the open r-neighborhood in X about A. For a point = € X, we let
Bx (z,r) denote the open r-ball about x.

When the metric space X is implied from context, we will often just write N(A,r) or
B(x,r).

2.1. Geometrically finite actions. Recall that a finitely generated group I' is hyperbolic
(or word-hyperbolic or §-hyperbolic or Gromov-hyperbolic) if and only if it acts properly
discontinuously and cocompactly on a é-hyperbolic proper geodesic metric space Y.

A relatively hyperbolic group is also a group with an action by isometries on a §-hyperbolic
proper geodesic metric space Y, but instead of asking for the action to cocompact, we ask
for the action to be in some sense “geometrically finite.”

To be precise, this means that Y has a I'-invariant decomposition into a thick part Yin
and a countable collection B of horoballs. For a horoball B, we let ctr(B) denote the center
of B in 9Y, and we let Stabr(p) denote the stabilizer of any p € Y.

Definition 2.2. Let I' be a finitely generated group acting on a hyperbolic metric space Y,
and let B be a countable collection of horoballs in Y, invariant under the action of I" on Y.
If:

(1) The action of I' on the closure of Y, =Y —|Jgz B is cocompact, and
(2) for each B € B, the stabilizer of ctr(B) in I' is infinite,

then we say that T is a relatively hyperbolic group, relative to the collection H = {Stabr(p) :
p = ctr(B) for B € B}.

Definition 2.3. Let I" be a relatively hyperbolic group, relative to a collection of subgroups
H.

e The centers of the horoballs in B are called parabolic points for the I'-action on JY.
The set of parabolic points in 9Y" is denoted Opa Y .
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e The parabolic point stablizers H = {Stabr(p) : p € OparY } are called peripheral
subgroups. We often write I',, for Stabr(p).

A group T' might be hyperbolic relative to different collections H, H' of peripheral
subgroups. The collection H of peripheral subgroups is sometimes called a peripheral
structure for I'.

Definition 2.4. Let I' be a finitely generated group, and let H be a collection of subgroups.
We say that (I',H) is a relatively hyperbolic pair if T' is hyperbolic relative to H.

2.2. The Bowditch boundary.

Definition 2.5. Let (I', H) be a relatively hyperbolic pair, so that H is the set of stabilizers
of parabolic points for an action of I' on a metric space Y as in Definition 2.2. We say that
Y is a Gromov model for the pair (I', H).

In general there is not a unique choice of Gromov model for a given relatively hyperbolic
pair (I', H), even up to quasi-isometry. There are various “canonical” constructions for a
preferred quasi-isometry class of Gromov model, with certain desirable metric properties
(see e.g. [Bow12], [GMOS]).

Given any two Gromov models Y, Y’ for (I, H), there is always a ['-equivariant home-
omorphism Y — 9Y”’ [Bow12]. The I'-space 9Y is the Bowditch boundary of (I',H). We
will denote it by 9(I', H), or sometimes just ' when the collection of peripheral subgroups
is understood from context. Since a Gromov model Y is a proper hyperbolic metric space,
d(T', H) is always compact and metrizable.

Definition 2.6. We say a relatively hyperbolic pair (', H) is elementary if T is finite or
virtually cyclic, or if H = {T'}.

Whenever (T', H) is nonelementary, its Bowditch boundary contains at least three points.
The convergence properties of the action of T' on 9(T', H) (see below) imply that in this case,
O(T', H) is perfect (i.e. contains no isolated points).

2.2.1. Cocompactness on pairs. Let Y be a Gromov model for a relatively hyperbolic pair
(T',H). Since Y is hyperbolic, proper, and geodesic, for any compact subset K C Y, the
space of bi-infinite geodesics passing through K is compact.

Given any distinct pair of points u,v € Y, there is a bi-infinite geodesic ¢ in Y joining u
to v. Since a horoball in a hyperbolic metric space has just one point in its ideal boundary,
this geodesic must pass through the thick part Y;n of Y, so up to the action of I' it passes
through a fixed compact subset K C Yiy,.

This implies:

Proposition 2.7. The action of T' on the space of distinct pairs in O(T',H) is cocompact.

2.3. Convergence group actions. If a group I" acts on a proper geodesic hyperbolic metric
space Y, we can characterize the geometrical finiteness of the action entirely in terms of the
topological dynamics of the action on 9Y. In particular, we can understand geometrical
finiteness by studying properties of convergence group actions. See [Tuk94], [Tuk98], [Bow99]
for further detail on such actions, and justifications for the results stated in this section.

Definition 2.8. Let I" act as a convergence group (see Definition 1.1) on a topological space
Z.
e A point z € Z is a conical limit point if there exists a sequence v, € I and distinct
points a,b € Z such that v,z — a and v,y — b for any y # z.
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e An infinite subgroup H is a parabolic subgroup if it fixes a point p € Z, and every
infinite-order element of H fixes exactly one point in Z.

e A point p € Z is a parabolic point if it is the fixed point of a parabolic subgroup.

o A parabolic point p is bounded if its stabilizer T'), acts cocompactly on Z — {p}.

The name “conical limit point” makes more sense in the context of convergence group
actions on boundaries of hyperbolic metric spaces.

Definition 2.9. Let Y be a hyperbolic metric space, and let z € Y. We say that a sequence
yn € Y limits conically to z if there is a geodesic ray ¢ : RT™ — Y limiting to z and a constant
D > 0 such that

dy (yn, c(tn)) < D
for some sequence t,, — 0.

)

A bounded neighborhood of a geodesic in a hyperbolic metric space looks like a “cone,’
hence “conical limit.”

Proposition 2.10 ([Tuk94], [Tuk98]). Let T' be a group acting properly discontinuously by
isometries on a proper geodesic hyperbolic metric space Y, and fix a basepoint yo € Y.
Then T" acts on Y as a convergence group. Moreover, a point z € OY is a conical limit
point (in the dynamical sense of Definition 2.8) if and only if there is a sequence 7y, - Yo
limiting conically to z (in the geometric sense of Definition 2.9). In this case, there are
distinct points a,b € OY such that v, -z — a and v, -2/ — b for any 2’ # z in OY .

If 4, - yo limits conically to a point z € 9Y for some (hence any) basepoint yp € Y, we
just say that ,, limits conically to z.

Theorem 2.11 ([Bowl2]). Let T be a finitely generated group acting by isometries on
a hyperbolic metric space Y. Then I' is a relatively hyperbolic group, acting on Y as in
Definition 2.2, if and only if:

(1) The induced action of T on 9Y is a convergence group action.

(2) Every point z € Y is either a conical limit point or a bounded parabolic point.

Whenever a group I' acts as a convergence group on a perfect compact metrizable space Z,
every point in Z is either a conical limit point or a bounded parabolic point, and the stabilizer
of each parabolic point is finitely generated, we say the ['-action on Z is geometrically finite.
This is justified by a theorem of Yaman [Yam04], which says that any such group action is
induced by the action of a relatively hyperbolic group on a Gromov model Y whose boundary
is equivariantly homeomorphic to Z. We can then identify the space Z with the Bowditch
boundary (T, H). The set of parabolic points in Z coincides exactly with the set of fixed
points of peripheral subgroups.

Definition 2.12. Let (I, H) be a relatively hyperbolic pair. We write
a(ra H) - acon(l_‘; H) U 8par(ra H),

where Ocon(I', 1) and Opar(I', ) are respectively the conical limit points and parabolic points
in 9(T', H).

2.3.1. Compactification of T and divergent sequences. When (I, H) is a relatively hyperbolic
pair, there is a natural topology on the set

T=Tud(l,H)
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making it into a compactification of T' (i.e. T is compact, (I',H) and T' are both embedded
in T, and I is an open dense subset of T'). Specifically, we view I" as a subset of (any) Gromov
model Y, via an orbit map 7 + 7 - yo for some basepoint yy € Y. Since I' acts properly
on Y, this is a proper embedding, so if we compactify Y by adjoining its visual boundary
O(T', H), we compactify T as well; this does not depend on the choice of basepoint yo or even
the choice of space Y.

Definition 2.13. A sequence v, € I' is divergent if it leaves every bounded subset of T’
(equivalently, if a subsequence of it consists of pairwise distinct elements).

Up to subsequence, a divergent sequence 7, € I' converges to a point z € 9(T', H). When
(T',H) is non-elementary, the point z is determined solely by the action of I" on O(T', H):
we have 7, — z if and only if there is at most one x € 9(I',H) such that -, - © does not
converge to z (this is a consequence of [Tuk94, Theorem 3A]).

2.4. The coned-off Cayley graph. Whenever (I, H) is a relatively hyperbolic pair, there
are only finitely many conjugacy classes of groups in H. We can fix a finite set P of conjugacy
representatives for the groups in H. The set P corresponds to a finite set II C Gparl” of
parabolic points, such that

P={r,:pell}.

Then II contains exactly one point in each I-orbit in Jparl'.

Definition 2.14. Let (I', ) be a relatively hyperbolic pair, and fix a finite generating set
S for ' and finite collection of conjugacy representatives P for H.

The coned-off Cayley graph Cay(T', S, P) is a metric space obtained from the Cayley graph
Cay(T', S) as follows: for each coset gP; for P; € P, we add a vertex v(gP;). Then, we add
an edge of length 1 from each h € gP; to v(gP;).

The quasi-isometry class of Cay(T', S, P) is independent of the choice of generating set S.
When (T, H) is a relatively hyperbolic pair, Cay(T', S, P) is a hyperbolic metric space. It is
not a proper metric space if H is nonempty.

3. LIE THEORY NOTATION AND BACKGROUND

For the rest of the paper, we let G be a connected semisimple Lie group with no compact
factor and finite center. We will be concerned with representations p: I' — G, where I' is a
relatively hyperbolic group. We want to consider the action of p(I") on the flag manifold
G/P, where P is a parabolic subgroup of G.

In this section, we give an overview of the definitions and notation we will use to describe
the dynamical behavior of the I'-action on G/P. We mostly follow the notation of [GGKW17],
but we will also identify the connection to the language of [KLP17].

The exposition here is fairly brief, since most of this paper does not use much of the
technical theory of semisimple Lie groups and their associated Riemannian symmetric spaces.
In fact, in nearly every case, our approach will be to use a representation of G to reduce to
the case G = PGL(n,R). The most important part of this section is 3.5, which identifies the
connection between P-divergence (or equivalently 7p,0q-regularity) and contracting dynamics
in G/P.

Standard references for the general theory are [Ebe96], [Hel01], and [Kna02]. See also
section 3 of [Rie21] for a careful discussion of the theory as it relates to Anosov representations
and the work of Kapovich-Leeb-Porti.
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3.1. Parabolic subgroups. Let K be a maximal compact subgroup of the semisimple Lie
group G, and let X be the Riemannian symmetric space G/K. A subgroup P C G is a
parabolic subgroup if it is the stabilizer of a point in the visual boundary d,, X of X. Two
parabolic subgroups P, ) are opposite if there is a bi-infinite geodesic ¢ in X so that P is
the stabilizer of ¢(c0) and @ is the stabilizer of ¢(—o0).

The compact homogeneous G-space G/ P is called a flag manifold. If P and @Q are parabolic
subgroups, then we say that two flags £t € G/P and £~ € G/Q are opposite if the stabilizers
of £, €~ are opposite parabolic subgroups. (In particular a conjugate of  must be opposite
to P).

3.2. Root space decomposition. Let g be the Lie algebra of GG, and let ¢ be the Lie
algebra of the maximal compact K. We can decompose g as £ ® p, and fix a maximal abelian
subalgebra a C p. The restriction of the Killing form B to p is positive definite, so any
maximal abelian a C p is naturally endowed with a Euclidean structure.

Each element of the abelian subalgebra a acts semisimply on g, with real eigenvalues.
So we let ¥ C a* denote the set of roots for this choice of a, i.e. the set of nonzero linear
functionals a € a* such that the linear map g — g given by X — «(X)I has nonzero kernel
for every X € a. We have a restricted root space decomposition

9=200% P ga
a€EX
where X € a acts on g, by multiplication by «(X).

We choose a set of simple roots A C % so that each a € 32 can be uniquely written as a
linear combination of elements of A with coefficients either all nonnegative or all nonpositive.
We let ¥4 denote the positive roots, i.e. roots which are nonnegative linear combinations of
elements of A.

The simple roots A determine a FEuclidean Weyl chamber

at ={z €a:a(x) >0, forall a € A}.

The kernels of the roots a € A are the walls of the Euclidean Weyl chamber.
Choosing a maximal compact K, a maximal abelian a C p, and a Euclidean Weyl chamber
a’ determines a Cartan projection

w:G—=at,

uniquely determined by the equation g = kexp(u(g))k’, where k, k' € K and u(g) € a™.

3.3. P-divergence. Fix a subset # of the simple roots A. We define a standard parabolic
subgroup P9+ to be the normalizer of the Lie algebra

P s

+
a€ly

where E;’ is the set of positive roots which are not in the span of A — #. The opposite
subgroup P, is the normalizer of
Do

aEEg

Every parabolic subgroup P C G is conjugate to a unique standard parabolic subgroup
P; , and every pair of opposite parabolics (P*, P™) is simultaneously conjugate to a unique
pair (P, P, ).
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For a fixed 8 C A, the group P(;r is the stabilizer of the endpoint of a geodesic ray
exp(tZ) - p, where p € X is the image of the identity in G/K, and for any o € A, the element
7 € aT satisfies

a(Z)=0 <= acA-0.

Definition 3.1. Let g, be a sequence in G. The sequence g, is P(;r -divergent if for every
« € 0, we have

a(p(gn)) = oo.
That is, the Cartan projections of the sequence g,, drift away from the walls of a determined
by the subset 8 C A.
For a general parabolic subgroup P C G, we say that g, is P-divergent if g, is P9+ -divergent
for P0+ conjugate to P.

3.4. Affine charts.

Definition 3.2. Let P*, P~ be opposite parabolic subgroups in G. Given a flag £ € G/P~,
we define

Opp(€) = {n € G/P" : ¢ is opposite to n}.
We call a set of the form Opp(€) for some € € G/P~ an affine chart in G/P¥.

An affine chart is the unique open dense orbit of Stabg(€) in G/PT. When G = PGL(d, R)
and Pt is the stabilizer of a line ¢ C R?, G/P7 is identified with P(R?) and this notion of
affine chart agrees with the usual one in P(R9).

3.5. Dynamics in flag manifolds. There is a close connection between P-divergence in
the group G and the topological dynamics of the action of G on the associated flag manifold
G/P. Kapovich-Leeb-Porti frame this connection in terms of a contraction property for
P-divergent sequences.

Definition 3.3 ([KLP17], Definition 4.1). Let g, be a sequence of group elements in G. We
say that g, is PT-contracting if there exist £ € G/PT, & € G/P~ such that g, converges
uniformly to £ on compact subsets of Opp(£_).

The flag £ is the uniquely determined limit of the sequence g, .

Definition 3.4. For an arbitrary sequence g, € G, a PT-limit point of g, in G/P7 is the
limit point of some PT-contracting subsequence of g,.
The P*-limit set of a group I' C G is the set of PT-limit points of sequences in T'.

The importance of contracting sequences is captured by the following:

Proposition 3.5 ([KLP17], Proposition 4.15). A sequence g, € G is PT-divergent if and
only if every subsequence of g, has a P -contracting subsequence.

Proposition 3.5 implies in particular that if g, € G is PT-divergent, then up to subsequence
there is an open subset U C G/P™ such that g, - U converges to a singleton in G/P*. It
turns out that this “weak contraction property” is enough to characterize P*-divergence.

Proposition 3.6. Let g, be a sequence in G, and suppose that for some nonempty open
subset U C G/P™T, we have g, - U — {£} for € € G/P*. Then g, is PT-divergent, and has
a unique PT-limit point £ € G/PT.

We provide a proof of this fact in Appendix A.
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3.5.1. Dynamics of inverses of PT -divergent sequences. When g, is a PT-divergent sequence,
the inverse sequence is P~ -divergent. Kapovich-Leeb-Porti show that this can be framed in
terms of the dynamical behavior of the inverse sequence.

Lemma 3.7 ([KLP17], Lemma 4.19). For g, € G and flags &~ € G/P~, &4 € G/P™, the
following are equivalent:

(1) gn is Pt-contracting and gn|opp(e_y — &+ uniformly on compacts.
gn 18 PT-divergent, g, has unique P -limit point &, and g, ' has unique P~ -limi
2 s PT-di t, gn h ique PT-limit point £y, and g, * h ique P~ -limit
point £_.

3.6. Tmoq-regularity. P-divergent sequences are equivalent to the 7y,,q-reqular sequences
discussed in the work of Kapovich-Leeb-Porti, where 7,04 is the unique face corresponding
to P in a spherical model Weyl chamber. We explain the connection here.

Remark 3.8. The language of 1,04-regularity is not used anywhere else in this paper, so
this part of the background is provided for convenience only and may be safely skipped.

For any point p € X, we let p be the uniquely determined subspace of g such that g = ¢®p,
where ¢ is the Lie algebra of the stabilizer of p in G.

Let z € 05, X. There is a point p € X, a maximal abelian subalgebra a C p, a Euclidean
Weyl chamber a™ C a, and a unit-length Z € at such that z is the endpoint of the geodesic
ray c(t) = exp(tZ) - p.

Up to the action of the stabilizer of z, the point p, the maximal abelian subalgebra a,
the Euclidean Weyl chamber a™, and the unit vector Z € a® are uniquely determined. In
addition, the stabilizer in G of the triple (p,a,a™) acts trivially on a*.

This means that we can identify the space 0. X/G with the set of unit vectors in any
Euclidean Weyl chamber at. This set has the structure of a spherical simplex. We let 0,04
denote the model spherical Weyl chamber 0, X/G.

We let 7 : 0so X — 0mod be the type map to the model spherical Weyl chamber. For fixed
2z € 05X, we let P, denote the parabolic subgroup stabilizing z.

After choosing a maximal compact K, a maximal abelian a C p, and a Euclidean Weyl
chamber a™, the data of a face Tmoq Of the spherical simplex opmoq is the same as the data
of a subset of the simple roots of G: the set of roots identifies a collection of walls of the
Euclidean Weyl chamber a®™. The intersection of those walls with the unit sphere in a is
uniquely identified with a face of opyoq-

Definition 3.9. Let 7,04 be a face of the model spherical Weyl chamber o,,q. We say that
a sequence g, € G i8 Tmoa-regular if g, is P,-divergent for some z € 05X such that 7(z)
lies in the relative interior int(7med) of Tmod-

For a fixed model face Tmod C Omod, We let P, _, denote any parabolic subgroup which is
the stabilizer of a point z € 771 (int(7n04)). All such parabolic subgroups are conjugate, so
as a G-space the flag manifold G/P;,__, depends only on the model face Ti04.

mod

4. EGF REPRESENTATIONS AND RELATIVE ANOSOV REPRESENTATIONS

In this section we cover basic properties of the central objects of this paper: extended
geometrically finite representations from a relatively hyperbolic group I' to a semisimple Lie
group G with no compact factor and trivial center. We also show that they generalize a defi-
nition of relative Anosov representation (Theorem 1.10), and prove our Anosov relativization
theorem (Theorem 1.16).
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We refer also to Section 2 of the related paper [Wei23b] for an overview of the definition
in the special case where G = PGL(d,R) or SL(d,R) and the parabolic subgroup P is the
stabilizer of a flag of type (1,d — 1) in R<.

Definition 4.1. Let P be a parabolic subgroup of G. We say that P is symmetric if P = PT
is conjugate to a subgroup P~ opposite to P.

When P = PT is symmetric, we can identify G/P+ with G/P~, so that it makes sense
to say that two flags &1,& € G/P are opposite.

For the rest of the section, we fix a relatively hyperbolic pair (I',H) and a symmetric
parabolic subgroup P in a semisimple Lie group G.

Definition 4.2. Let A, B be two subsets of G/P. We say that A and B are opposite if
every £ € A is opposite to every v € B.

Definition 4.3. Let A C G/P. We say that a continuous surjective map ¢ : A — 9(T', H) is
antipodal if for every pair of distinct points 21,22 € (I, H), ¢~ 1(21) is opposite to ¢~ 1(zz).

We recall the main definition of the paper here:

Definition 1.3. Let I' be a relatively hyperbolic group, let p : I' — G be a representation,
and let P C G be a symmetric parabolic subgroup. We say that p is extended geometrically
finite (EGF) with respect to P if there exists a closed p(I')-invariant set A C G/P and a
continuous p-equivariant surjective antipodal map ¢ : A — 9(T', H) extending the convergence
action of T'.

Remark 4.4. Unfortunately, the boundary set A C G/P is not necessarily uniquely
determined by the representation p. In many contexts, we will be able to make a natural
choice, but we do not give a procedure for doing so in general.

4.1. Discreteness and finite kernel. When p : I' — G is EGF, the action of p(I")
on the boundary set A is by definition an extension of the topological dynamical system
(T, 0(T,H)). When T is non-elementary, convergence dynamics imply that the homomorphism
I' — Homeo(9(T", 1)) has finite kernel and discrete image. So the map I' — Homeo(A) must
also have discrete image and finite kernel, and therefore so does the representation p : I' — G.
The case where I' is elementary can be verified directly.

4.2. Uniformity of repelling strata. An earlier version of this paper gave a slightly
weaker version of the definition of an extended convergence group action. Specifically, in
place of condition (C1) in Definition 1.2, we gave the weaker condition:

(C1*) For every z € O(I',H), the set C, contains an open neighborhood of A — ¢~1({2}).

It is not clear whether or not (C1*) implies (C1) in the general context of extended
convergence group actions. However, the conditions are equivalent in the context of discrete
group actions on flag manifolds if we additionally impose an assumption on p called relative
P-divergence. To define this, let IT C 9(I", H) be a finite set containing exactly one point in
each parabolic orbit in (I, H), and let P denote the set of I'-stabilizers of points in II.

Definition 4.5. Let p be a representation of a relatively hyperbolic group I" with peripheral
subgroups H. The representation p is relatively P-divergent if, for every sequence of elements
¥n € T' which is unbounded in the coned-off Cayley graph Cay(T, S, P), the sequence p(vy,)
is P-divergent.

Below, we prove the following:
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Proposition 4.6. Let p : T' — G be a representation, and suppose that there exists a compact
p-invariant set A C G/ P, an equivariant surjective antipodal map ¢ : A — (T, H), and open
sets C, C G/P for each z € O(T',H) satisfying conditions (C1*) and (C2). If p is relatively
P-divergent, then p is EGF.

We will show later (see Corollary 8.2) that the converse to Proposition 4.6 also holds,
meaning that any EGF representation is relatively P-divergent. Proposition 4.6 itself will
largely be a consequence of the following more technical statement:

Proposition 4.7. Let p: ' — G be a representation, and suppose that there exists a compact
p-invariant set A C G/ P, an equivariant surjective antipodal map ¢ : A — (T, H), and open
sets C, C G/P for each z € O(T', H) satisfying:

(C1*) For every z € (T, H), the set C, contains an open neighborhood of A — ¢~ ({z}).
(C2-par) For any parabolic point p € O(I',H), any compact K C Cp,, and any open set U
containing ¢~ (p), for all but finitely many v € T, = Stabr(p), we have p(y)K C U.
(P-div) The representation p is relatively P-divergent, and for every sequence 7, tending to
infinity in Cay (T, S, P), the P-limit points of p(yy) all lie in A.

Then there is a subset A C A such that p is EGF, with boundary extension ¢|;.

Proof of Proposition /.6, assuming Proposition 4.7. Assume the hypotheses of Proposition 4.6
for a representation p and map ¢ : A — 9(I", H). Note that condition (C2-par) in Proposi-
tion 4.7 is a special case of (C2), so we will be done if we can show that condition (P-div)
holds for A and p. Fix an arbitrary sequence =, tending to infinity in Cay(I', S, P), and let
£T be a P-limit point of 7,,. We wish to show that £+ € A.

By definition, we can find a flag £~ and extract a subsequence so that p(~,) converges to
¢+, uniformly on compact subsets of Opp(£7). Extract a further subsequence so that ;!
converges to z4 € 9(I',H). Since Opp(£~) is dense in G/P, it has nonempty intersection
with C,_, so let K be a nonempty compact subset in this intersection. By (C2), p(v,)K
eventually lies in an arbitrary neighborhood of ¢~1(z4) C A. But we also know that p(v,)K
converges to the singleton {£}, hence £+ € A. O

We now turn to the proof of Proposition 4.7. Fix a representation p, map ¢ : A — 9(I', H),
and family of sets C, as in the statement of the proposition. For the proof of the proposition,
we need to construct a new surjective antipodal map é ‘A= (T, H) and strata C, satisfying
conditions (C1) and (C2) in Definition 1.2.

We first construct the set A. Using condition (P-div), we will shrink the set A into a
certain nice form, while still preserving all of the assumptions in Proposition 4.7. For each
conical limit point z € (I', H), define ¥, C G/P to be the union of the set of P-limit points
of all sequences p(v,), where v, — z in the Bowditch compactification of T'. (Note that
since z is conical, any sequence 7, converging to z must tend to infinity in Cay(L', S,P), and
therefore by (P-div) p(vs) is P-divergent and ¥, is nonempty.)

Then, define a subset A C G/P via:

A= U ¢ |u U o
z€d(I',H), z€d(I',H),

z parabolic z conical

Lemma 4.8. The set A is a compact p-invariant subset of A.
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Proof. That A C A follows from assumption (P-div). The p-invariance of A follows from
p-equivariance of ¢, as well as the I'-invariance of the set of conical limit points in 9(T', H).
So, we just need to show that A is compact.

Consider a sequence of flags &, € A, and extract a subsequence so that &, — £. We
wish to show £ € A. Since A C A, there is a sequence of points z, € 9(I',H) such that
&0 € 97 H(2,). By compactness of A and continuity of ¢, we know £ € A and z, — 2z = ¢(€).
If z is parabolic, then ¢~1(z) C A, hence £ € A, so assume z is conical.

Let 7,, be a sequence in I' converging conically to z; in particular, -,, must tend to infinity
in Cay(T', S,P), so applying assumption (P-div) means that, after extraction, there are flags
¢+ € A so that p(v,,) converges to the constant map &+, uniformly on compacts in Opp(£7).
Note that since 4, converges to the conical point z, we also have ¢+ € A by definition.

Let v = ¢(£7). Recall that since 7, converges conically to z, there are distinct points
a,b € (L', H) such that v,,'z — a and ~,,'y — b for all y # z. We claim that we can find a
sequence of indices m,, such that m,, — oo, but 'y,;i zn, does not accumulate at v. There are
two cases: either v = a, or v # a. In the case v = a, choose m,, large enough so that the
sequence %71,{ zn — b; in the case v # a, since z, — z, we can choose m,, so that 'y;lfb Zn — Q.

In either case, by continuity, equivariance, and antipodality of ¢, the sequence

p(fY';zié-n) € (bil (77;1 Zn)

lies in a compact subset of Opp(§~). Therefore &, = p(%nn)/)(%ﬁi)fn must converge to £,
hence £ = ¢ and thus € € A. O

Restrict ¢ to obtain a new map ¢ : A — O(T',H). This map is also equivariant, surjective,
and antipodal. Next, we define a new family C', of repelling strata. For each conical limit
point z € 9(T', H), define

C. = Opp('(2)).
Then, for each parabolic point p € II, let I, be the stabilizer of p in I', and define

Cp = Opp(6~" ()N | p(v)Co-

RASI Y

Finally, for an arbitrary parabolic point z € (T, H), write z = gp for p € II, g € T', and
define C, = p(g)Cp.

Lemma 4.9. The map ¢ and sets C, satisfy conditions (C1*) and (C2-par).

Proof. The fact that ¢ is antipodal says precisely that A — qgfl(z) lies in Opp(dAfl)(z), SO
each C, is a union of open sets satisfying (C1*) and therefore also satisfies (C1*). To see
that (C2-par) holds, let K be a compact subset of C'p for some p € II parabolic, and let
vn be an unbounded sequence in the I'-stabilizer of p. By compactness, K is contained in
a finite union of sets of the form p(h)C,, and in fact K can be written as a finite union
Ki,..., K, of compact pieces, each of which lies in some p(h;)C,. Each h; is fixed, so v, h;
converges to p, and therefore

p(1)K; = p(ynhi)p(hi K,

eventually lies in an arbitrarily small neighborhhod of ¢~!(p) = ¢~!(p), and therefore the
same is true for K. O
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Note that we have not verified that the set A satisfies property (P-div). It turns out that
this is true, but the proof will come much later (see Lemma 8.1). However, we can still use
the fact that p is relatively P-divergent throughout the arguments below.

We strengthen the second part of the above lemma to:

Proposition 4.10. The map ¢ : A — O, H) and sets C, satisfy condition (C2) in
Definition 1.2.

Proof. Consider a sequence v, € I' such that v'' — 2 € 9(I',’H), and let K C C..
be compact. Fix an arbitrary subsequence of ~,. We will show that there is a further
subsequence so that p(y,)K lies in an arbitrarily small neighborhood of ¢=1(z;). After
extraction we can assume that either ~, tends to infinity in Cay(T',S,P), or else v, is
bounded in Cay(T, S, P).

In the first case, the sequences p(y;-!) are both P-divergent by assumption (P-div). Using
Lemma 3.7, extract a subsequence so that p(y') converges to a flag ¢4, uniformly on
compact subsets of Opp(£+); again by the assumption (P-div), {1 both lie in A. We may
assume that T' is non-elementary, so there are at least two points y, 3" € (T, H) not equal to
@(£_). Then, since ¢ : A — (', H) is antipodal, we have ¢~ ({y,%'}) € Opp(£_). Then, for
any flags n € ¢~ (y), 7’ € ¢~ 1(y'), both of p(7,)n, p(n)n' converge to &, , and by equvariance
and continuity of ¢, it follows that v, y, 7,4’ both converge to ¢(&). Since v, — z; we must
have £, € ¢~ (24 ). If z; is conical, then by construction we have £, € v, = 45*1(24_).
Otherwise, zy is parabolic and ¢~ (z;) = ¢~ 1(z4).

Applying an identical argument to the sequence v, ! shows that z_ = q%(g_), and thus, by
construction, C, C Opp(&-). In particular, since the compact set K lies in C. C Opp(&-),
the set p(7y,)K eventually lies in an arbitrarily small neighborhood of (;AS_l(er)7 as required
for this case.

We now turn to the case where v, is bounded in Cay(T',S,P). After extracting a
subsequence, we can fix some k € N and write each +,, as an alternating product

glhﬁn) . -gkh;(gn)gmh

where, for each 1 < i < k, g; is a fixed element in I', and hEn) lies in a fixed parabolic

subgroup H; € P. Let p; € II be the parabolic point fixed by H;. We can assume that k has
been chosen minimally, which ensures that g;11p;+1 # p; for every 1.

We claim that v, converges to z. = gip1, 7, converges to z_ = gk;llpk, and for any
compact K C C,_ and open U containing ¢~*(z,.), for large n, we have p(,)K C U; we
will prove this by inducting on k.

When k =1, then p = p1 = pi, and v, = g1hng2 for h, € I', and g1,92 € I fixed. The
distance between h,g> and h,, is bounded in any word metric on I', so h, g converges to
pin T and g1h,g> converges to gip = z,. Then, if K is a compact subset of C'Zf = ég;lp,
the set p(g2) K is a compact subset of C), C C,. Thus by Lemma 4.9 we see that p(h,g2) K
eventually lies in an arbitrarily small neighborhood of gfg’l(p), 50 p(g1hng2) K eventually lies
in an arbitrary neighborhood of ¢=1(g1p) = ¢~1(z4).

When k > 1, consider the sequence

A

Tn

Inductively we can assume that 7/, — gap2, (7/,) ! converges to z_, and that for any compact
K C C,_, the set p(v),)K lies in an arbitrarily small neighborhood of ¢~1(gap2). Then since

92 hé") © gk hé")gk+1~
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p1 # gapo, for large enough n, since the strata C, satisfy property (C1%*), the set p(v,,) K is
eventually a compact subset of C},,. Applying Lemma 4.9 and equivariance again, we see
that for large enough n,

p(Yn) K = plg1h{™)p(+,) K C U.
O

The proposition below completes the proof of Proposition 4.7, hence of Proposition 4.6.

Proposition 4.11. The map ¢ : A — O, H) and sets C. satisfy condition (C1) in
Definition 1.2.

Proof. Fix K C 9(T',H) compact. It suffices to show that for every w € 9(T', H) — K, the
set ek C, contains a neighborhood of qg_l(w). Suppose for a contradiction that this is
not the case. We have already seen that the strata C, satisfy condition (C1%), so the only
possibility is that there is a sequence of points z,, € K so that for every neighborhood U of
¢~ (w), the set C,, = C., eventually fails to contain U.

Up to a subsequence, every z, is either conical or parabolic. Suppose first that every z,
is conical, in which case C,, = Opp(¢~1(zy)) for every n. Thus, there is a sequence of flags
£ € & Y(2n), and a sequence of flags 0, € G/P, so that 7, accumulates in ¢~ (w), and
&n, M are not opposite. After extraction, &, converges to £ € q&fl(K) and 7, converges to
n € ¢~ (w). The flags ¢ and 7 are not opposite, which contradicts antipodality of ¢.

So, now consider the case where each z, is parabolic. Let Y be a Gromov model for
(T',H), and fix a bi-infinite geodesic ¢, : (—00,00) — Y with its forward endpoint at z, and
backward endpoint at w. This geodesic must eventually enter a horoball B in Y centered
at z,, so let y, in Y be the earliest point where this occurs. Since the action of I' on the
complement of the horoballs is cocompact, there is some -, € I" so that the distance from
Y lyn to some fixed basepoint yo € Y is bounded, independent of n. Thus the horoball
v, 1B passes within uniform distance of yo. There are only finitely many horoballs in Y
which do this, so up to subsequence v, 1z, = p for a fixed parabolic point p € (', H).

We may assume that z, converges to some z € K. Now, if the sequence 7, is bounded
in I', then eventually z,, = z for all n, and therefore an open neighborhood of (ﬁ_l(w) is
contained in every C,, = C. by condition (C1%*). So, assume that v, tends to infinity in T'.
We claim that in this case, 7, converges to z. To see this, observe that since z, does not
accumulate at w, the bi-infinite geodesic ¢, passes within a uniform distance of a basepoint
yo in Y. This means that the point -, must actually lie uniformly close (in Y') to a point
rn(tn), where 1, is a geodesic ray in Y from y to z,, and ¢, — oo. Since z,, — z it follows
that 7, (¢, ), hence 7,, tends to z.

Now, since our chosen strata satisfy condition (C1*), and w # z, there is a neighborhood
U of qAS_l(w) whose closure lies in C,. Extract a subsequence so that v b — u for some
u € O(T',H). From Proposition 4.10, the repelling strata satisfy condition (C2), so p(v,, 1)U
eventually lies in an arbitrarily small neighborhood of (;AS_l(u). However, we also know that
u # p: there is a bi-infinite geodesic ~,, t¢, in Y from p to v, 1w passing through the identity,
and since w # z, we have 7, 1w — u and therefore there is also a geodesic in Y joining p to
U.

By (C1%*) again, the interior of C’p contains qg’l(u), and therefore eventually C’p contains
p(v;H)U. Then by equivariance, C,, = p(vn)ép contains U for all sufficiently large n. This
contradicts our original assumption. ]
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Note that by following the proof of Proposition 4.6, we see that one can always modify
the repelling strata C, of an EGF representation so that they are contained in the sets
Opp(¢~1(2)) for the boundary extension ¢. We record this fact in the proposition below.

Proposition 4.12. Let p : I’ — G be an EGF representation. If ¢ : A — (T, H) is a
boundary extension for p, and {C.}.cor,n) are a family of repelling strata, then so are the

sets C, = C, N Opp(¢~1(2)).

Proof. By compactness of A, and the fact that antipodality is an open condition, the
sets Opp(¢~1(2)) satisfy condition (C1). Since the sets C, also satisfy this condition by
assumption, it is apparent that the intersections C,NOpp(¢~1(z)) satisfy it as well. Condition
(C2) is automatic from the fact that C, C C,. O

4.3. The “conical/peripheral” characterization of EGF representations. It is often
possible to prove properties of relatively hyperbolic groups by first showing that the property
holds for conical subsequences in the group, and then showing that the property holds inside
of peripheral subgroups. There is a characterization of the EGF property along these lines,
which is frequently useful for constructing examples of EGF representations (see [Wei23b]).
As before, (T',H) is a fixed relatively hyperbolic pair, and P C G is a symmetric parabolic
subgroup of G.

Proposition 4.13. Let p: ' — G be a representation. Suppose that there is a continuous
surjective p-equivariant antipodal map ¢ : A — (L, H) and open subsets C, C G/P for each
z € O(I', H) satisfying property (C1) in Definition 1.2.
Then p is an EGF representation if and only if the following conditions hold:

(P-conical) For any sequence v, € T' limiting conically to some point in (I, H), p(v;F') is

P-divergent and every P-limit point of p(y;F1) lies in A.
(C2-par) For any parabolic point p € O(I',H), any compact K C C,, and any open set U
containing ¢~ (p), for all but finitely many v € T, = Stabr(p), we have p(y)K C U.

The proof of Proposition 4.13 requires the technical machinery of relative quasigeodesic
automata, so we defer it to Section 8. At the end of Section 8, we also prove another similar
“conical /peripheral” characterization of EGF representations which may be of interest.

4.4. Properties of A.

Proposition 4.14. Let (I',H) be a relatively hyperbolic pair, and let p : T' — G be a
representation which is EGF with respect to a symmetric parabolic P, with boundary extension
¢: N — I, H). Then A contains the P-limit set of p(T').

Proof. Let £ € G/P be a flag in the P-limit set of p(I'). Then there is a P-contracting
sequence p(vyy,) for v, € T and a flag £ € G/P such that p(~,)n converges to £ for any 7 in
Opp(£_). Up to subsequence ;-1 converges to z+ € (', H), so for any flag n € C,_, the
sequence p(7,)n subconverges to a point in ¢~1(z, ). But since Opp(£_) is open and dense,
for some n € C,_ we have p(v,)n — & and hence £ € ¢~ 1(zy). O

In particular, Proposition 4.14 implies that the EGF boundary set A C G/P of an EGF
representation p : I' = G must always contain the P-prozimal limit set of p(T'). (Recall
that g € G is P-proxzimal if it has a unique attracting fixed point in G/P; the P-proximal
limit set of a subgroup of G is the closure of the set of attracting fixed points of P-proximal
elements).
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We will see that most of the power of EGF representations lies in the fact that their
associated boundary extensions ¢ : A — 9(I', H) do not have to be homeomorphisms (so the
Bowditch boundary of T' does not need to be equivariantly embedded in any flag manifold).
However, it turns out that it is always possible to choose the boundary extension ¢ so that
it has a well-defined inverse on conical limit points in (T, H). In fact, we can even get a
somewhat precise description of all the fibers of ¢. Concretely, we have the following:

Proposition 4.15. Let p : I' = G be an EGF representation, with boundary extension
¢:N— O, H). There is a p(T')-invariant closed subset N’ C G/P and a p-equivariant map
¢ : N — O(T,H) such that:
(1) ¢' : N = O(T,H) is also a boundary extension for p,
(2) for every z € Ocon(T, H), ¢'~1(2) is a singleton, and
(3) for every p € Opar(T,H), ¢'~1(p) is the closure of the set of all accumulation points
of orbits p(yn) - x for v, a sequence of pairwise distinct elements in IT'y, and x € Cp.

We will prove Proposition 4.15 at the end of Section 9, where it will follow as a consequence
of the proof of the relative stability theorem for EGF representations (Theorem 1.4)—see
Remark 9.18.

We will rely on both Proposition 4.13 and Proposition 4.15 to prove some of the remaining
results in this section, which are not needed anywhere else in this paper.

4.5. Relatively Anosov representations. EGF representations give a strict generalization
of the relative Anosov representations mentioned in the introduction. We give a precise
definition here.

Definition 4.16 ([KL23, Definition 7.1] or [ZZ22, Definition 1.1]; see also [ZZ22, Proposition
4.4]). Let T be a subgroup of G and suppose (I, H) is a relatively hyperbolic pair. Let
P C G be a symmetric parabolic subgroup.

The subgroup I is relatively P-Anosov if it is P-divergent, and there is a I'-equivariant
antipodal embedding 9(I', ) — G/P whose image A is the P-limit set of I".

Here, we say an embedding ¢ : (I, H) — G/P is antipodal if for every distinct &, & in
O, H), ¥(&) and ¥ (&) are opposite flags.
Remark 4.17.

(a) When T is a hyperbolic group (and the collection of peripheral subgroups H is
empty), then the Bowditch boundary 9(T', 1) is identified with the Gromov boundary
OT'. In this case, Definition 4.16 coincides with the usual definition of an Anosov
representation.

(b) In general, it is possible to define (relatively) P-Anosov representations for a non-
symmetric parabolic subgroup P. However, there is no loss of generality in assuming
that P is symmetric: a representation p : I' = G is P-Anosov if and only if it is
P’-Anosov for a symmetric parabolic subgroup P’ C G depending only on P.

In their paper [KL23], Kapovich-Leeb gave several possible definitions for a “relatively
Anosov representation.” Definition 4.16 is equivalent to (essentially) their weakest definition,
that of a relatively asymptotically embedded representation; their stronger definitions are
those of a relatively Morse representation and a uniformly reqular relatively asymptotically
embedded representation. In [2722], Zhu—Zimmer showed that when P = Py, is the stabilizer
of a (k,d — k)-flag in SL(d,K) (K = R or C), then relatively asymptotically embedded
representations are automatically uniformly regular, but the following example shows that
this is not true in general.



24 THEODORE WEISMAN

Example 4.18 (See also [K1.23, Example 5.6]). Let S be a finite-type non-compact orientable
surface with negative Euler characteristic, and equip S with a pair of hyperbolic structures
X1, X5 so that in X7, an end of S is a cusp, and in X5, the same end of S is an infinite-area
“funnel.” For i = 1,2, let p; : m.5 — PSL(2,R) be the holonomy representation for X;, and
let

p:mS — PSL(2,R) x PSL(2,R)
be the product p = (p1, p2)-

If P C PSL(2,R) is the stabilizer of a point in OH?, then P x PSL(2,R) is a symmetric
parabolic subgroup in PSL(2,R) x PSL(2,R). Then, letting H be the collection of cusp
subgroups of 1S for the hyperbolic structure X7, the representation p is relatively (P x
PSL(2,R))-Anosov relative to H in the sense of Definition 4.16. However, this representation
is not uniformly Tmed-regular in the sense of Kapovich-Leeb—Porti [KLP17] if 704q is the
“model face” corresponding to P x PSL(2,R).

Note that this example also shows that in general semisimple Lie groups, the peripheral
subgroups for a relatively Anosov representation need not have weakly unipotent image.

The proposition below (a restatement of Theorem 1.10) gives the relationship between
relatively Anosov representations and EGF representations.

Proposition 4.19. Let (T',H) be a relatively hyperbolic pair, and let P C G be a symmetric
parabolic subgroup. A representation p : I' — G is relatively P-Anosov in the sense of
Definition 4.16 if and only if p is EGF with respect to P, and has an injective boundary
extension ¢ : A — (T, H).

As a first step towards the proof, we show:

Proposition 4.20. Let p: ' — G be an EGF representation with respect to P, and suppose
that the boundary extension ¢ : A — O(T', H) is a homeomorphism. Then:

(1) p(T') is P-divergent, and A is the P-limit set of p(T).

(2) The sets C, for z € O(I',’H) can be taken to be

Opp(¢~1(2)) = {v € G/P : v is opposite to ¢~ (2)}.

Proof. (1). Let v, be any infinite sequence of elements in T'. After extracting a subsequence,
we have ;5! — 24, and since ¢ is a homeomorphism, p(7,) converges to the point ¢~1(z,)
uniformly on compacts in the open set C,_. Then Proposition 3.6 implies that p(y,) is
P-divergent, with unique P-limit point ¢=*(2z,) € A.

(2). Condition (C1) follows directly from antipodality of ¢ and compactness of A, so we
just need to see that these sets satisfy condition (C2). Let +, be an infinite sequence in T’
with 471 — 24 for 24 € (T, H).

We know that for open subsets Ux C G/P, we have p(7,)-Us — ¢~ 1(24) and p(r,, ) U_ —
¢~1(2_), uniformly on compacts. Proposition 3.6 implies that p(7,) and p(v,!) are both
P-divergent with unique P-limit points ¢~1(24), ¢~ !(z_). So in fact by Lemma 3.7 p(7,)
converges to ¢~ 1(z;) uniformly on compacts in Opp(¢~1(z_)). |

Proof of Proposition 4.19. Proposition 4.20 ensures that if p is an EGF representation, and
the boundary extension ¢ is a homeomorphism, then p is P-divergent and ¢~ is an antipodal
embedding whose image is the P-limit set.

On the other hand, if p is relatively P-Anosov, with boundary embedding ¢ : (', H) — A,
for each z € (T, H), we can take

C. = Opp(¥(2)).



AN EXTENDED DEFINITION OF RELATIVE ANOSOV REPRESENTATION 25

Antipodality means that C, contains an open neighborhood of A — (z), and P-divergence
and Lemma 3.7 imply that p(I") has the appropriate convergence dynamics. (Il

4.6. Relativization. We now turn to the situation where we have an EGF representation
of a hyperbolic group T" with a nonempty collection of peripheral subgroups. That is, for
some invariant set A C G/P, we have an EGF boundary extension ¢ : A — 9(T', 1), where
d(T',H) is the Bowditch boundary of T with peripheral structure H.

We want to prove Theorem 1.16, which says that in this situation, if p restricts to a
P-Anosov representation on each H € H, then p is a P-Anosov representation of I'. For
the rest of this section, we assume that I' is a hyperbolic group, and H is a collection of
subgroups of I" so that the pair (I', ) is relatively hyperbolic. We let p : T' — G be an EGF
representation for the pair (T', H) with respect to a symmetric parabolic subgroup P C G,
and we assume that for each H € H, p|g : H — G is P-Anosov, with Anosov limit map
wH :0H — G/P

The main step in the proof is to observe that it is always possible to choose the boundary
extension ¢ : A — O(I', H) so that A is equivariantly homeomorphic to the Gromov boundary
of I (which we here denote OT").

Whenever T' is a hyperbolic group and # is a collection of subgroups so that (T, H) is a
relatively hyperbolic pair, there is an explicit description of the Bowditch boundary 9(T', H)
in terms of the Gromov boundary 9T" of I'—see [Ger12], [GP13], or [Tral3]. Specifically, we
can say:

Proposition 4.21. There is an equivariant surjective continuous map ¢r : O — (T, H)
such that for each conical limit point z in O(T,H), q/)lil(z) is a singleton, and for each
parabolic point p € O(T',H) with H = Stabr(p), (bl?l(p) s an embedded copy of OH in OT.

In our situation, we can see that the boundary extension ¢ : A — 9(T', H) satisfies similar
properties.

Lemma 4.22. There is a closed p(T')-invariant subset A’ C G/P and an EGF boundary
extension ¢’ : A — O(T',H) such that:
(1) For each conical limit point z € (T, H), ¢'~1(z) is a singleton.
(2) For each parabolic point p € O(I',H), with H = Stabr(p), we have ¢'~*(p) =
Y (0H).

Proof. We choose A’ as in Proposition 4.15. The only thing we need to check is that for
H = Stabr(p), the set ¥y (0H) is exactly the closure of the set of accumulation points of
p(H)-orbits in C,. But since we may assume C), is contained in Opp (¢ (0H)), this follows
immediately from the fact that p(H) is P-divergent and the closed set ¢y (0H) is the P-limit
set of p(H).

|

Next we need a lemma which will allow us to characterize the Gromov boundary of I" as
an extension of the Bowditch boundary 9(T', H). First recall that if I" acts as a convergence
group on a space Z, the limit set of I is the set of points z € Z such that for some y € Z
and some sequence 7, € I', we have

nlz—{yy = 2
uniformly on compacts.

Lemma 4.23. Let T act on compact metrizable spaces X and Y, and let px : X — (T, H),
oy 1Y — 9, H) be continuous equivariant surjective maps such that for every conical
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limit point z € (T, H), (b;(l(z) and ¢;1(z) are both singletons, and for every parabolic point
p € (T, H), H = Stabr(p) acts as a convergence group on X and Y, with limit sets d)}l (p),
qb;l(p) equivariantly homeomorphic to OH.
Then for any sequences zn, z), € Ocon(I', H), we have
. 1 o —1/
nlggo bx (2n) = nlgr;o dx (2n)
if and only if
. —1 T —1/_ s
Jim ¢y (20) = lm ¢y (z;,)-

Proof. We proceed by contradiction, and suppose that for a pair of sequences z,,z/, €
Ocon (L', H), we have

. —1 1 177\ __
Tim g3 (z) = lim 63 (=) = 7,

but
. —1 : -1
Jim ¢y (2n) # lim oy (27,).
After taking a subsequence we may assume z,, converges to z € 9(I', H), and that y,, = (b{,l (zn)
converges to y and y/, = ¢3.'(2/,) converges to y for y # y'. By continuity, we have

oy (y) = oy (YY) = dx(z) = 2.

Since ¢x and ¢y are bijective on (;5;(1 (Ocon(T', H)) and ¢;,1 (Ocon(I", H)) respectively, we
must have z = p for a parabolic point p € Opar(I', H). Let H = Stabp(p).

Since p is a bounded parabolic point, we can find sequences of group elements h.,, h, € H
so that for a fixed compact subset K C 9(T',H) — {p}, we have

(1) hpzn € K, hlz € K.

This implies that no subsequence of h,y, or h,y!, converges to a point in ¢3."(p).

Then, since H acts as a convergence group on Y with limit set gb;l(p), up to subsequence
there are points u,u’ € qﬁ;l(p) so that h,, converges to a point in (b{,l(p) uniformly on
compacts in Y — {u}, and h], converges to a point in d){,l(p) uniformly on compacts in
Y — {u'}. So, we must have u =y and v’ = y/.

This means that the sequences h,, ! and h/;! have distinct limits in the compactification
H = HUOH. So, there are distinct points v,v’ € ¢5'(p) so that (again up to subsequence)
h., converges to a point in ¢3! (p) uniformly on compacts in X — {v}, and h/, converges to
a point in ¢3! (p) uniformly on compacts in X — {v'}. Without loss of generality, we can
assume T # v.

But then ¢%'(2,) lies in a compact subset of X — {v}, so h,¢%" (2,) converges to a point
in ¢3'(p) and hy,z, converges to p. But this contradicts (1) above. O

Proposition 4.24. If the set A satisfies the conclusions of Lemma 4.22, then A is equivari-
antly homeomorphic to the Gromov boundary of T.

Proof. Let ¢r : OT — O(I',’H) denote the quotient map identifying the limit set of each
H € H to the parabolic point p with H = Stabr(p). For each conical limit point z € 9(T', H),
the fiber ¢ '(2) is a singleton. So, there is an equivariant bijection f from ¢p ' (Jeon(T, H))
0 61 (Beon (T ).

Moreover, since ¢ Y (Deon (T, H)) is T-invariant, and the action of T on its Gromov boundary
OT is minimal, ¢p ' (Geon (T, H)) is dense in OT. We claim that f extends to a continuous
injective map ' — A by defining f(x) = lim f(z,,) for any sequence x,, — .
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To see this, we can apply Lemma 4.23, taking OI' = X and A =Y. We know that I
always acts on its own Gromov boundary as a convergence group (so in particular each
H € H acts on JI" as a convergence group with limit set 9H). And, since p restricts to a
P-Anosov representation on each H € H, for any infinite sequence h,, € H, up to subsequence
there are u,u_ € ¥y (0H) so that p(h,,) converges to u uniformly on compacts in Opp(u_).
Antipodality of ¢ implies that p(h,,) converges to w uniformly on compacts in A — ¢y (0H).
The other hypotheses of Lemma 4.23 follow from Proposition 4.21 and Lemma 4.22.

We still need to check that f is actually surjective. We know that f restricts to a bijection
on ¢;1(acon(r, H)), and that f takes qﬁl?l(p) to ¢~1(p) for each parabolic point p in O(T, H).
So we just need to check that for every H € H, f restricts to a surjective map 0H — vy (0H).
If H is non-elementary, this must be the case because the action of H on ¥y (0H) is minimal
and f maps OH into ¥y (0OH) as an invariant closed subset. Otherwise, H is virtually cyclic
and OH, ¥y (0H) both contain exactly two points. Then injectivity of f implies surjectivity.

So we conclude that there is a continuous bijection f : 9" — A, and since OI" is compact
and A is metrizable, f is a homeomorphism. O

We let f: ' — A denote the equivariant homeomorphism from Proposition 4.24.

Proposition 4.25. The equivariant homeomorphism f~' : A — O is antipodal. Moreover,
together with the strata C, = Opp(f~1(2)) for all z € AT, it satisfies conditions (C1),
(P-conical), and (C2-par) in Proposition 4.13.

Proof. First we show antipodality. Fix distinct points z, 2z’ € dT'. If ¢r(z), ¢r(z’) are distinct,
then f(z), f(2') are opposite by antipodality of ¢. Otherwise, z, 2z’ correspond to distinct
points in OH for some H € H, and f(z), f(z') are opposite by antipodality of 1.

Now we turn to the remaining conditions. Since I' is hyperbolic, condition (C2-par) is
vacuous, and condition (C1) follows from antipodality of f, compactness of A, and the
fact that antipodality is an open condition in G/P. So we just need to consider condition
(P-conical). That is, we need to show that if ,, € T'is a conical limit sequence with 771 — 2.
for 24 € OT, then every P-limit point of p(v!) lies in A.

We consider two cases:

Case 1: ¢po f(z1) is a parabolic point p in O(T', H). In this case, v, lies along a quasigeodesic
ray in I limiting to some z; € OH, with H = Stabr(p). This means that for a bounded
sequence b,, € I', we have 7,b, € H. Since p restricts to a P-Anosov representation on H,
this means that p(y,b,) is P-divergent and every P-limit point of p(v,b,) lies in g (24).
For the same reason, every P-limit point of p(b,, 1y, 1) lies in ¥y (2).

Up to subsequence b, is a constant b. We can use Proposition 3.5 to see that p(7,) has
the same P-limit set as p(7,b). This P-limit set lies in A. And, every P-limit point of p(y, 1)
is a b-translate of a P-limit point of p(b=!v,7 ). This P-limit set also lies in A.

Case 2: ¢o f(zy4) is a conical limit point in (', H). In this case, a subsequence of v, is a
conical limit sequence for the action of I' on O(I', H), and the desired result follows from the
“only if” part of Proposition 4.13.

(Il

Proof of Theorem 1.16. Let I' be hyperbolic, let H be a collection of subgroups such that
(T',#H) is a relatively hyperbolic pair, and let p : I' — G be an EGF representation with
respect to P, for the peripheral structure .

Suppose that p restricts to a P-Anosov representation on each H € H. Propositions 4.14
and 4.25 imply that p is also an EGF representation of I for its empty peripheral structure,
whose boundary extension can be chosen to be a homeomorphism. Then Theorem 1.10 says
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that p is relatively P-Anosov (again for the empty peripheral structure on I'). This ensures
that p is actually (non-relatively) P-Anosov; see e.g. [KLP17, Theorem 1.1]. O

5. RELATIVE QUASIGEODESIC AUTOMATA

In the next three sections, we develop the technical tools needed to prove the main results
of the paper: namely, a relative quasigeodesic automaton for a relatively hyperbolic group I'
acting on a flag manifold G/P, and a system of open sets in G/P which is in some sense
compatible with both the relative quasigeodesic automaton and the action of I on G/P.

The basic idea is motivated by the computational theory of hyperbolic groups. Given a
hyperbolic group I' with finite generating set S, it is always possible to find a finite directed
graph G, with edges labeled by elements of .S, so that directed paths on G starting at a fixed
vertex vjq € G are in one-to-one correspondence with geodesic words in I'. The graph G is
called a geodesic automaton for T.

Geodesic automata are really a manifestation of the local-to-global principle for geodesics
in hyperbolic metric spaces: the fact that the automaton exists means that it is possible to
recognize a geodesic path in a hyperbolic group just by looking at bounded-length subpaths.

In this section of the paper, we consider a relative version of a geodesic automaton. This
is a finite directed graph G which encodes the behavior of quasigeodesics in the coned-off
Cayley graph of a relatively hyperbolic group I'. Eventually, our goal is to build such an
automaton by looking at the dynamics of the action of T" on its Bowditch boundary (T, H).
The main result of this section is Proposition 5.15, which says that we can construct such
a relative quasigeodesic automaton for a relatively hyperbolic pair (I',H) using an open
covering of the Bowditch boundary 9(I', 1) which satisfies certain technical conditions.

In this section of the paper and the next, we will work in the general context of a relatively
hyperbolic group I' acting by homeomorphisms on a connected compact metrizable space M,
before returning to the case where M is a flag manifold G/P for the rest of the paper.

Throughout the rest of this section, we fix a non-elementary relatively hyperbolic pair
(T, H), and let I C Opar(I', ) be a finite set, containing exactly one point from each I'-orbit
in Opar (T, H). We also fix a finite generating set S for I', which allows us to refer to the
coned-off Cayley graph Cay(T',S,P) (Definition 2.14).

Definition 5.1. A I'-graph is a finite directed graph G where each vertex v is labelled with
a subset T;,, C I, which is either:

e A singleton {7}, with v # id, or

o A cofinite subset of a coset gI', for some p € II, g € I'.

A sequence {a,,} C T is a G-path if o, € T,,, for a vertex path {v,} in G.

Remark 5.2. We will often refer to “the” vertex path {v,} corresponding to a G-path {«a,},
although we will never actually verify that such a vertex path is uniquely determined by the
sequence of group elements {a,} in I

A vertex of a I-graph which is labeled by a cofinite subset of a (necessarily unique) coset
gL'y is a parabolic vertex. If v is a parabolic vertex, we let p, = g-p denote the corresponding
parabolic point in Opa (I', H).

Remark 5.3. It will be convenient to allow parabolic vertices to be labeled by cofinite
subsets of peripheral cosets (instead of just the entire coset) when we construct I'-graphs
using the convergence dynamics of the I'-action on 9(T', H).

Definition 5.4. Let z € 9(I', H). We say that a G-path {«,} limits to z if either:
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o 2 € Oeon(T', "), {a,} is infinite, and the sequence

{m =a1-aniniy

limits to z in the compactification T' = T'U (', H), or
o 2 € 0par(T,H), {ay,} is a finite G-path whose corresponding vertex path {v,} ends
at a parabolic vertex vy, and

Z =01 " AN-1Pvy-
Definition 5.5. Let G be a I-graph. The endpoint of a finite G-path {a, })_; is
Q1 QapnN.

Definition 5.6. A T'-graph G is a relative quasigeodesic automaton if:

(1) There is a constant D > 0 and a Gromov model Y for (I', %) with basepoint yg so
that for any infinite G-path {«,}, the sequence

Qaq - QplYo

lies within a D-neighborhood of a geodesic ray ¢ in Y.
(2) For every z € O(T', H), there exists a G-path limiting to z.

One way to think of a relative quasigeodesic automaton is that it gives us a system for
finding quasigeodesic representatives of every element in the group. More concretely, we
have the following:

Lemma 5.7. Let G be a relative quasigeodesic automaton. There is a constant R > 0 so
that set of endpoints of G-paths is R-dense in I'.

Proof. If T is hyperbolic and H is empty, then this is a consequence of the Morse lemma
and the fact that the union of the images of all infinite geodesic rays based at the identity in
I is coarsely dense in I" (see [Bog97]).

If H is nonempty, there is some R > 0 so that the union of all of the cosets g - I', for
p € Il is R-dense in I'. So it suffices to show that for each p € II, there is some R > 0 so
that all but R elements in any coset g - I', are the endpoints of a G-path.

For any such coset g -I',, we can find a finite G-path {an}flvz_ll limiting to the vertex g - p.
That is,

g-p=0aQi---AN_1Pyy-
By definition p,, = ¢’ - p with T,,, a cofinite subset of the coset ¢'T', That is,
g- I‘p =1 O‘Nflglrpa
so for all but finitely many v € g -I', (depending only on the size of the complement of T,
in g -Tp), we can find ay € T, with
al “ e aN = ’Y'
|
Remark 5.8. In general, we do not require the set of elements in I' labelling the vertices

of a relative quasigeodesic automaton G to generate the group I' (although the proposition
above implies that they at least generate a finite-index subgroup).
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5.1. Compatible systems of open sets. A relative quasigeodesic automaton always exists
for any relatively hyperbolic group (although we will not prove this fact in full generality).
We will give a way to construct a relative quasigeodesic automaton using the convergence
group action of a group acting on its Bowditch boundary.

Definition 5.9. Suppose that I" acts on a metrizable space M by homeomorphisms, and
let G be a I-graph. A G-compatible system of open sets for the action of I" on M is an
assignment of an open subset U,, C M to each vertex v of G such that for each edge e = (v, w)
in G, for some € > 0, we have W # M and

(2) a - Ny (Uy,e) C U,
for all « € T,.

Remark 5.10. If G has no parabolic vertices (sgach set T, contains a single group element
ay € T), then (2) is equivalent to requiring o, - Uy, C U, for every edge (v,w) in G. When G
has parabolic vertices (so T, may be infinite), (2) may be a stronger condition.

Proposition 5.11. Let G be a T'-graph, and let {U, : v vertex of G} be a G-compatible
system of subsets of (T, H) for the action of T on (T, H).

There is a Gromov model Y with basepoint yo satisfying the following. Let {a,} be
an infinite G-path, corresponding to a vertex path {v,}, and suppose the sequence {~y, =
aq -+ ap} is divergent in T'. Then for any point z in the intersection

[eS)
Uoo = ﬂ aq - anUvn_Hv
n=1

there is some R > 0 and a geodesic ray c in'Y from yo to z such that the sequence v,yo lies
in an R-neighborhood of c. In particular, z is a conical limit point.

Proof. Fix a point z € U, and write z = z4 and U,, = U,,,. We first claim that there is a
uniform € > 0 and a point z_ € 9(T', H) such that

(3) Ay 21y o) 2 €
for all n > 0.
To prove the claim, choose a uniform € > 0 so that for every vertex v in G, we have

N(U,,e) # 9(T',H), and for every edge (v,w) in G and every a € Ty,, we have a- N(Uy, €) C
U,. Then we choose some z_ € 9(I', H) — N(Uy, ¢).
By the G-compatibility condition, we know that for any n, v,U,4+1 C ... C 11Uz C Uy, so
we know that d(z4,z_) > e.
Then, for any n > 1, we have
Vo 'zg € Unsa.

Moreover since v, N(U,+1,€) C Uy, we also have
’71:12— € a(FaH) - N(Un+17€)'

So for all n we have d(v,, 121, v, 2_) > ¢, which establishes that (3) holds for all n.

Now, consider a bi-infinite geodesic ¢ in a Gromov model Y for I' joining z; and z_. The
sequence of geodesics 7, ! - ¢ has endpoints in 9Y = (', H) lying distance at least ¢ apart,
so each geodesic in the sequence passes within a uniformly bounded neighborhood of a fixed
basepoint yo € Y. Equivalently every -, - yo lies within a fixed neighbood of the geodesic c.

Since 7, is divergent, v,y0 can only accumulate at either z; or z_. But in fact v,y can
only accumulate at z;—for in the construction of ¢ above, we could have chosen any z_ in
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the nonempty open set (I, H) — N (Uy, €), and since (T, H) is perfect there is at least one
such 2z # z_. This implies that the set {y,y0} actually lies within a neighborhood of a ray
with ideal endpoint z, and therefore within a neighborhood of a ray from yg to z. ]

Definition 5.12. Let G be a I-graph. An infinite G-path {«,} is divergent if the sequence
{Yn = a1 -+ - a, } leaves every bounded subset of T.
We say that a ['-graph G is divergent if every infinite G-path is divergent.

Whenever {U,} is a G-compatible system of open sets for a I'-graph G, one can think of a
G-path {a, }_, as giving a symbolic coding of a point in the intersection

N
m ay - apUpin.
n=1

In general, the coding for a given point in this intersection may not be unique. However, the
next result says that (at least for divergent G-paths) the coding is coarsely unique.

Lemma 5.13. Let G be a T'-graph, and let {U, : v vertex of G} be a G-compatible system of
subsets of (T, H) for the action of T on (T, H). Suppose that {a,} is a divergent G-path
limiting to z € O(T',H), and {B,} is a divergent G-path limiting to goz for some go € T.
Then the Hausdorff distance in Cay(T') between the sets

{90041 e an}nENa {61 e ﬂm}nLEN

1s finite.

Actually, it is possible to say more: the Hausdorff distance between the sets in question is
bounded by a constant which depends only on the group element g € T' (see e.g. [MMW24,
Lemma 4.15]). The statement above is sufficient for our purposes, however.

Before giving the proof of the above lemma, we need a basic result in hyperbolic geometry.

Lemma 5.14. Let Y be a §-hyperbolic metric space, and let B C'Y be a horoball with Y — B
nonempty. Suppose that ,y € Y lie within distance R > 0 of B, and that z € Y lies on a
geodesic [x,y] CY joining x toy. Then we have

d(z,Y — B) > d(z,{z,y}) — R — 46.

Proof. Tt suffices to prove the claim when B is instead a metric ball in Y, since horoballs
are local Hausdorff limits of these. So, let B be a ball in Y with center o and radius r, and
assume that x,y lie in an R-neighborhood of B. Let w € Y — B, and consider a pair of
geodesic triangles with vertices o, z,y and w, x, y, each with an edge equal to a fixed geodesic
[x,y]. Since Y is d-hyperbolic, for any z € [z,y], there are points 2z’ € [0,2] U [0, y] and
2" € [w,z] U [w,y] with d(z,2") < § and d(z,2") < §. Without loss of generality z’ € [o, 2],
so that we have

d(z,z) < 8§+ d(z',x) = d(o,x) — d(0,2') + 6 <r+ R—d(o,2") + 6.
On the other hand we also have
r < d(o,w) < d(o,2") +d(z",w) + 26,

hence
d(z,w) > d(z",w) —§ >r —d(o,2') — 35 > d(z,z) — R — 40.
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Proof of Lemma 5.13. Let {gn}nenugoy and {hm }men respectively denote the sets

{gaz - an}nENu{O}a {B1 - Bm}men-
Fix a Gromov model Y with basepoint y for (I', ), and let B be an invariant system of
horoballs in Y. From Proposition 5.11, we know that there is a geodesic ray ¢ in Y from yq to
gz and a constant R > 0 so that both sets {g,yo tnen and {hmyo}tmen lie within distance R
of c. We claim that the Hausdorff distance in Y between these two sets is actually bounded.

We will show that there is a uniform constant D > 0 so that if a is any point belonging to
the set {hmyo}men, then a lies within distance D of some point in the set {gnyo}nenufoy;
the other argument is nearly symmetric. So, fix such an a, and let a’ be a point on ¢ lying
within distance R of a. Then, for each n > 1, let y, = gnyo, and let y/, be a point on ¢
within distance R of y,. We also define y, = yo.

Since {gn} is divergent and the action of I on Y is proper, the y,, (hence the y/,) give an
unbounded subset of Y. It follows that there is some n > 0 such that a’ lies on the closed
sub-geodesic of ¢ joining the points y;,,y;, ;.

By definition we know that g,,+1 = gnan+1. Now, since o, 1 belongs to one of the finitely
many label sets for the I'-graph G, it belongs to one of finitely many cosets of the form gI',
for g € I' and p € II. Since each I', preserves a horoball in the I'-invariant system B, there is
a constant R > 0 (independent of n) and a horoball B € B so that yg and «;,,11yo both lie
within distance R’ of B.

Consequently the points y;, and g, ; both lie within distance R’ + R of the horoball
gnB € B. Thus, by Lemma 5.14, we have

d(a/a Y - gnB) > d(ala {y;my;-‘,-l}) - R/ — R—40.

Now, we may assume that our basepoint yy does not lie in any horoball in B, which means
that d(a/,Y — ¢, B) <d(a,a) < R. Therefore we have

d(a’ {yp,yni1}) < R 4 2R + 49,

hence

d(a’ {ym yn+1}) < R’ +4R + 4.
This proves that the Hausdorff distance (in Y') between the sets {g,yo } nenu{o} and {hnyo}nen
is bounded. The analogous claim for the corresponding subsets of Cay(I") then follows from
the fact that I" acts properly on Y. O

Now that we have established (coarse) uniqueness for I'-graph codings, we turn to the
question of existence. The proposition below says that, given an appropriate pair of open
coverings of the Bowditch boundary 9(T', H) compatible with a I'-graph G, one can always
construct a G-path limiting to a given point z € 9(T', H).

Proposition 5.15. Let G be a divergent I'-graph. Suppose that for each vertez a € G, there
exist open subsets V,, W, of O(T', H) such that the following conditions hold:
(1) The sets {W,} give a G-compatible system of sets for the action of T' on O(T', H).
(2) For all vertices a, we have V, C W, and W, # 0(T, H).
(8) The sets V, give an open covering of (T, H).
(4) For every z € O(I', H) and every non-parabolic vertex a such that z € V,, there is an
edge (a,b) in G such that a;t -z € Vi, for {a,} = T,.
(5) For every z € O(T',H) and every parabolic vertex a such that z € Vo — {pa}, there is
an edge (a,b) in G and o € T, such that a=! -z € V.

Then G is a relative quasigeodesic automaton for I.
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F1Gure 1. Illustration for the proof of Proposition 5.15. The group element
ap nests an e-neighborhood of W, inside of W,, whenever oy, -V, .,
intersects V.
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FIGURE 2. By iterating the nesting procedure backwards, we produce an
infinite G-path and a sequence of subsets intersecting in the initial point
zZ = Z0.

Proof. Proposition 5.11 establishes the first part of the definition of a relative quasi-geodesic
automaton (Definition 5.6), so we just need to show the second part, stating that every
z € O(I', H) is the limit of a G-path.

The idea behind the proof is to use the fact that the sets V, cover 9(I', H) to show that
we can keep “expanding” a neighborhood of z in (T, H) to construct a path in G limiting
to z. The {V,} covering tells us how to find the next edge in the path, and the {W,} cover
gives us the G-compatible system we need to show that the path is a geodesic.

We let A denote the vertex set of G. When a € A is not a parabolic vertex, we write
To = {Va}-

Case 1: z is a conical limit point. Fix a € A so that z € V,. We take 2y = 2, a9 = a, and
define sequences {z,}°2 ¢ C Oconl’, {an}22y C A, and {a,}52, C T as follows:

e If a, is not a parabolic vertex, then we choose ap+1 = 7,4, . Let 241 = a;}rl < 2
Since conical limit points are invariant under the action of I'; z;,,41 is a conical limit
point. By condition 4, there is a vertex a, 41 satisfying z,+1 € V, with (ap, api1)
an edge in G.

e If @, is a parabolic vertex, then since z,, is a conical limit point, z,, # p for p = p,,, .

Then condition 5 implies that there exists some a1 € T}, so that 0‘;41-1 “zn €V,

n+1

n+1
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for an edge (an,ant1) in G. Again, 2,11 = a;}rl - zp must be a conical limit point
since Ogonl is I'-invariant.
The sequence {a;, } necessarily gives a G-path. By assumption the sequence
Tn = Q1+ Oy

is divergent. And by construction z = ~,z, lies in v, W,, for all n. So, Proposition 5.11
implies that -, is a conical limit sequence, limiting to z. See Figure 2.
Case 2: z is a parabolic point. As before fix a € A so that z € V,, and take zg = z, ag = a.
We inductively define sequences z,, a,, a.,, as before, but we claim that for some finite N,
ay is a parabolic vertex with zxy = p,, . For if not, we can build an infinite G-path (as in

the previous case) limiting to z. But then, Proposition 5.11 would imply that z is actually a
conical limit point. So, we must have

Z ="7YNPany = Q1" ONPay

as required.
O

Remark 5.16. In a typical application of Proposition 5.15, it will not be possible to choose
the open coverings {V,} and {W,} so that they exactly agree. In particular we expect this
to be impossible whenever 9(T', H) is connected. To get an idea why, assume that V, = W,
for all vertices a; then conditions 1 and 4 in the proposition together imply that whenever a
is a non-parabolic vertex with 7, = {a,}, the set a; 'W, can be written as a finite union of
sets of the form W,. Thus in this case W, must be a proper clopen subset of O(I', H).

To conclude this section, we make one more observation about systems of G-compatible
sets as in Proposition 5.15.

Lemma 5.17. Let I’ be a relatively hyperbolic group, let G be a T'-graph, and let {V,}, {W,}
be an assignment of open subsets of (T, H) to vertices of G satisfying the hypotheses of
Proposition 5.15.

Fiz z € Oconl’ and N € N. There exists 6 > 0 so that if d(z,2") < §, then there are G-paths
{an},{Bn} limiting to z, 2" respectively, with c; = 8; for alli < N.

Proof. Let {a,} be a G-path limiting to z coming from the construction in Proposition 5.15,
passing through vertices v,. We choose § > 0 small enough so that if d(z, 2") < ¢, then 2’
lies in the set

ap - anViy,,-
Then for every i < N, we have

1 -1 —1
a a_yap 2 eV .

As in Proposition 5.15, we can then extend {an}nN:]l to a G-path limiting to z’. O

6. EXTENDED CONVERGENCE DYNAMICS

Let I be a relatively hyperbolic group acting on a connected compact metrizable space
M. In this section, we will show that if the action of I' on M extends the convergence action
of I" (Definition 1.2), then we can construct a relative quasigeodesic automaton G and a
G-compatible system of open subsets of M which are in some sense reasonably well-behaved
with respect to the group action.

To give the precise statement, let A C M be a closed I'-invariant subset, and let ¢ :
A — (T, H) be an equivariant, surjective, and continuous map. Assume that there is an
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assigment z — C, of points in (T, H) to open subsets of M, so that the map ¢ and sets C,
satisfy property (C1) in Definition 1.1, as well as both of the following:

(C2-con) For any sequence v, € I' limiting conically to z, with v, — z_, any open set U
containing ¢~*(z), and any compact K C C,_, we have ~,, - K C U for all sufficiently
large n.

(C2-par) For any parabolic point p, any compact K C C), and any open set U containing
#»~1(p), for all but finitely many v € I';,, we have v- K C U.

Note that (C2-con) and (C2-par) are both special cases of condition (C2) in Definition 1.2,
so any map ¢ and strata C, satisfying Definition 1.2 fulfill these requirements. For the rest
of this section, however, we only assume that (C1), (C2-con) and (C2-par) hold for ¢ and
C.. In this context, we show:

Proposition 6.1. For any € > 0, there is a relative quasigeodesic automaton G for T', a
G-compatible system of open sets {U,} for the action of T on M, and a G-compatible system
of open sets {W,} for the action of T on O(T',H) such that:

(1) For every vertez v, there is some z € W, so that
¢~ (Wy) C Uy C Ny(97'(2),0).

(2) For every p € 11, there is a parabolic vertex a with p, = p. Moreover, for every
parabolic vertex w with p, = g - p, (a,b) is an edge of G if and only if (w,b) is an
edge of G.

(8) If g =g - p for p € 11, a is a parabolic vertex with p, = q, and (a,b) is an edge of G,
then ¢ € Wy and Uy C C)p.

Remark 6.2. By equivariance of ¢, for each p € Opa:I', we can replace C), with I',C), and
assume that C,, is I'p-invariant, and that if ¢,p € Opa, I satisfy ¢ = gp for some g € I, then
Cy =gCy.

The proof of Proposition 6.1 involves some technicalities, so we first outline the general
approach:

(1) For each z € 9(I',H), we construct a pair V,, W, of small open neighborhoods of z
and a subset T, C I so that for each o € T,, a~! is “expanding” about some point
in V,. When z is a conical limit point, then we can choose a single element a, € I’
which expands about every point in V.. When z is a parabolic point, we may use a
different element of I" to “expand” about each u € V, — {z}.

We choose V,, W., and T, so that if a~! is “expanding” about v € V., and
a~'u €V, then a~ W, D W,. See Figure 3.

(2) Using compactness of 9(T', H), we pick a finite set of points a € (T, H) so that the
sets {V,} give an open covering of 9(I", H). These points in (T, H) are identified
with the vertices of a I-graph G. We define the edges of G in such a way so that if,
for some a € T,,, a~! expands about u € V, and a~'u € V}, then there is an edge
from a to b. This ensures that {W,} is a G-compatible system of open subsets of
O, H).

(3) Simultaneously, we construct a G-compatible system {U,} of open sets in M by
taking U, to be a small neighborhood of ¢~!(a). The idea is to use the extended
convergence dynamics to ensure that if, for some a € T,, a~! “expands” about some
u € V. and the point o 'u lies in Vy, then o~ U, contains Uy. See Figure 6 below.

(4) Finally, we use Proposition 5.15 to prove that G is actually a relative quasigeodesic
automaton. The open sets V,, W, are constructed exactly to satisfy the conditions
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FIGURE 3. The group element a~! is “expanding” about u € V.. We will
construct V., W, and V,,, Wy, so that if a1y lies in Vy, then a~'W, contains
Wy. Equivalently, we get the containment oW, C W, illustrated earlier in
Figure 1.

of the proposition, so the main thing to check in this step is that the graph G is
actually divergent (using the action of T" on M).

Throughout the rest of the section, we will work with fixed metrics on both 9(T', H) and
M. Critically, none of our “expansion” arguments will depend sensitively on the precise
choice of metric. That is, in the sketch above, when we say that some group element o € T’
“expands” on a small open subset U of a metric space X, we just mean that aU is quantifiably
“bigger” than U, and not that for any x,y € U, we have d(a - z,a - y) > C - d(z,y) for some
expansion constant C'. Lemma 6.6 and Lemma 6.8 below describe precisely what we mean
by “bigger.” The general idea is captured by the following example.

Example 6.3. We consider the group PGL(2,Z). While PGL(2,Z) is virtually a free group
(and therefore word-hyperbolic), it is also relatively hyperbolic, relative to the collection H
of conjugates of the parabolic subgroup { (:El i) RS Z}.

Since PGL(2,Z) acts with finite covolume on the hyperbolic plane H?, the Bowditch
boundary of the pair (PGL(2,Z), H) is equivariantly identified with OH?, the visual boundary
of H?. Given a non-parabolic point w € dH?, we can find an element of PGL(2,7Z) which
“expands” a neighborhood of w. There are two distinct possibilities:

(1) Suppose w is in a small neighborhood V, of a conical limit point z € OH?. Then
choose some loxodromic element v € PGL(2,Z) whose attracting fixed point is close
to z. Then, if W, is a slightly larger neighborhood of z, v~! - W, is large enough to
contain a uniformly large neighborhood of y~! - w. See Figure 4.

(2) On the other hand, suppose w is in a small neighborhood V, of a parabolic fixed
point ¢ € OH?, but w # q. We can find some element y € I', = Stabr(q) so that y~*
takes w into a fundamental domain for the action of I'; on OH? — {q}. Then, if W,
is a slightly larger neighborhood of ¢, y~! - W, is again large enough to contain a
uniformly large neighborhood of y~! - w. See Figure 5.

There is a slight issue with this approach: in the second case above (when w is close to a
parabolic point ¢), it is actually not quite good enough to “expand” a neighborhood of w
by using ', to push w into a fundamental domain for I';, on OH? — {g}. The reason is that
there might not be a way a choose these fundamental domains so that they all lie uniformly
far away from ¢, as ¢ varies over all of the (infinitely many) parabolic points in (T, H). We
resolve this issue by instead choosing 7y to lie in a coset gI',, where ¢ = gp for some p € II.
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Then v~! - w lies in a fundamental domain for I', on OH? — {p}, which allows us to get
uniform control on the size of the expanded neighborhood v~ 1.

FIGURE 4. For any point w in a sufficiently small neighborhood V, (pink) of

2, the expanded neighborhood v ='W, (red) contains a uniform neighborhood

of v~ 1w.

FI1GURE 5. For any point w # ¢ in a neighborhood V; (pink) of the parabolic
point ¢, we find some v € I’y so that y~'w lies in K, (dark gray), a
fundamental domain for the action of I'; on OH? — {q}. The expanded
neighborhood 'y*IWq (red) contains a uniform neighborhood of Ky, so

v~1W, contains a uniform neighborhood of y~1w.

The two technical lemmas below (Lemma 6.6 and Lemma 6.8) essentially say that one
can set up this kind of expansion simultaneously on the Bowditch boundary of our relatively
hyperbolic group I' and in a neighborhood of the I'-invariant set A C M. The precise
formulation of the expansion condition found in these two lemmas is best motivated by the



38 THEODORE WEISMAN

proof of Proposition 6.11 below, which shows that the “expanding” open sets we construct
give rise to a G-compatible system of open sets on a I'-graph G.
We first need the following consequence of condition (C1) on strata:

Lemma 6.4. Given D > 0, there ezists € > 0 so that for any a,b € O(T',H) with d(a,b) > D,
the e-neighborhood of ¢~1(a) in M is contained in Cp.

Proof. Fix § < D/4. For each closed ball B of radius d in 9(T', H), the set of points z € (T, H)
satisfying d(z, B) > D/2 is a compact subset K of 9(I', H), so by condition (C1) there is
some ¢ > 0 so that an e-neighborhood of ¢~1(B) is contained in N.ck C-- In particular for
any y € B, if a € 9(T', H) satisfies d(y,a) > D, then d(a, B) > D — diam(B) > D/2 and so
the e-neighborhood of ¢~!(y) is contained in C,. Since d(T',H) is compact we can cover it
with finitely many of these balls, and take the minimum required e. ]

Remark 6.5. This uniformity lemma is where we need condition (C1), rather than the
weaker condition (C1*) used in an earlier version of the paper.

Lemma 6.6. There exists econ > 0,0con > 0 satisfying the following: for anye >0, >0
with € < €con, 0 < Ocon, and every conical limit point z, we can find:
o A group element v, € T
e Open subsets W,,V, C O(I',H) with z € V, C W,
such that:
(1) diam(W,) < 4,
(2) In O(T', H), we have
Nor (v 'Vz,8) C 7 'W..
(3) In M we have

Nar(vz o7 (W2), 2¢) € 97 ' Nar (671 (2), ).

Remark 6.7. Conditions (1) and (2) together imply that for any y,z € conl’, if 721V,
intersects V,,, then v,W, C W,. Later, we will see that condition (3) implies that if v, 'V,
intersects V,, then also v, Nas (¢~ (y),2e) C Na(¢~1(2),€) (giving us the inclusion indicated
by Figure 3).

Proof. For a conical limit point z, we choose a sequence 7, so that for distinct a,b € (T, H),
we have v, 'z — a and v, *w — b for any w # z. That is, 7, limits conically to z in T, and
4,71 converges (not necessarily conically) to b. Since the I'-action on distinct pairs in 9(I", H)
is cocompact (Proposition 2.7), we may assume that d(a,b) > D for a uniform constant
D > 0.

We choose €¢on > 0 from Lemma 6.4 so that if a,b € O(T', H) satisfy d(a,b) > D/2, then a
2¢ con-neighborhood of ¢~1(a) is contained in Cy. Let & > 0 satisfy &€ < econ, and let § satisfy
§ < eon := D/4.

By the triangle inequality, we have d(c,b) > D/2 for all ¢ € Bar(a,2d), so the closed
2e-neighborhood of ¢~!(Bpr(a, 2d)) is contained in Cj. This means that we can choose n
large enough so that

Tn - Nar(¢™ ! (Bor(a, 26)), 2¢)

is contained in Nps(¢~1(2),¢) and
n - Bar(a, 20)
is contained in Bgr(z,9/2). We let v, = =, for this large n, and take
W. = 1. - Bor(a,26)
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FIGURE 6. The group element ;! is “expanding” about V, C (T, H):
while W, has diameter < §, v, 1 W, contains a §-neighborhood of v, V. At
the same time, ;! enlarges an e-neighborhood of ¢~!(z) in M, so that it
contains a 2e-neighborhood of v t¢~1(W,).

and
Vz =7z Bap(a, 5)
O

The next lemma is a version of Lemma 6.6 for parabolic points. As before, we want to
show that for a point ¢ in the Bowditch boundary, we can find a neighborhood W, of ¢ in
A(T',H) with uniformly bounded diameter §, and group elements v € I" so that y~! enlarges
W, enough to contain a 2§-neighborhood of y~!z, for some z close to ¢. Simultaneously
we want to choose 7 so that y~! enlarges an e-neighborhood of ¢~1(g) in a similar manner.
This case is more complicated, because we need to allow 7 to depend on the point z € Wy:
if ¢ is a parabolic point in 9(T", H), then in general there is not a single group element in T’
which expands distances in a neighborhood of q.

Lemma 6.8. For each point p € 11, there exist constants €, > 0, 6, > 0 such that for any
g=g-pel-p, anye < ep, and any 6 < Jp, we can find:
o A cofinite subset T, of the coset gI'y,
o Open neighborhoods Vi, W, of (T, H), with q € V‘Z C Wy,
o Open neighborhoods Vy, W4 of O(T', H) with V, C W,
such that:
(1) diam(W,) < 6, and ¢~ (W,) C Ny(¢~(q),e).
(2) in O(T',H), we have
Nal“(vq’(s) C WQ'
(3) For every z € V, — {q}, there exists v € T, with v~ ' -z € Vq.
(4) For every v € T,, we have

Nar (67 (Wy),2) € v~ 'Nar(67"(q), €)
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and
W, C v 'W,.
(5) Nar(p= (W), 2¢) is contained in C, and gT', -V, contains d(T,H) — {q}.

FIGURE 7. The behavior of sets in 9(I", H) described by Lemma 6.8. Given
z € Vg, we pick an element v € ¢gI', so that a uniformly large neighborhood
of v~ 1z is contained in 'y*IWq. We cannot pick 7! to expand the metric
everywhere close to g—some points in V,, get contracted close to p.

)

Remark 6.9. If z € V,—{q} and v 'z € Vq for some v € T, we think of y~! as “expanding’
about z. Conditions (1) and (2) imply that if y~'2 € V,, for some v € T, then W,
contains Wy, and by condition (4), ='W, contains W,. Here V,,, W,, are the sets from either
Lemma 6.6 or Lemma 6.8.

Proof. Pick a compact set K C O(T',H) — {p} so that I, - K covers 9(I', H) — {p}. Choose
dp small enough so that the closure of Naor (K, 26,) does not contain p. Then, for any ¢ < Jp,
we can pick
V, = Nop(K,5), W, = Nor(K, 26).
We can choose ¢, sufficiently small so that a 2¢,-neighborhood of ¢~ (Nyr (K, 25,)) is
contained in C)p. Now, fix € < e,. We claim that there exists a cofinite subset T, C g -I', so
that for any v € T}, we have

(4) - Wq C Bar(q,6/2)
(5) v Nar(¢7' (Wy),28) € Nar(67'(q),¢)

To see that this claim holds, it suffices to verify that for any infinite sequence -, of distinct
group elements in gI'y, (4) and (5) both hold for all sufficiently large n.

We write v,, = g -}, for v}, € I',,. Then ], converges uniformly to p on compact subsets of
O, H) — {p}, so v, converges uniformly to ¢ on compact subsets of (', H) — {p}, implying
that (4) eventually holds. And by our assumptions, we know that

v N6 (Wy),2¢) C g™ Nu(¢7 (q),e)

for sufficiently large n, implying that (5) also eventually holds.
So we can take W, to be the set

{gpu | v We,

V€T
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and V; to be the set
{u Ve
v€Ty
To see that W, and V;, are open we just need to verify that they each contain a neighborhood
of ¢. Since VQ and Wq each contain K, and I'), - K covers 9(I', H) — {p}, V, and W, each
contain the set
orH) - |J K
veglp =T,
Since T} is cofinite in gI'y, this is an open set containing q. |

6.1. Construction of the relative automaton. We will construct the relative automaton
G satisfying the conditions of Proposition 6.1 by choosing a suitable open covering of 9(T', H),
and then using compactness to take a finite subcover. The subsets of this subcover will be
the vertices of G.

We choose constants € > 0, 6 > 0 so that € < econ, 0 < deon (Where Econ, deon are the
constants coming from Lemma 6.6) and € < ¢, § < 4, for each p € II (where g, d,, are the
constants coming from Lemma 6.8).

Then:

e For each z € OconI', we define W, V., 7, as in Lemma 6.6, with parameters ¢, §.
e For each g € 9., we define V,, W,, V,, W,, and T, as in Lemma 6.8, again with
parameters ¢, 9.
The collections of sets {V, : z € Oconl'} and {V; : ¢ € 9parl'} together give an open covering
of the Bowditch boundary (T, H). So we choose a finite subcover V, which we can write as

V=A{V,:a€ A}
where A is a finite subset of 9(T', ). We can in particular ensure that A contains the finite
set 11
We identify the vertices of our I'-graph G with A. For each a € A, the set T, is either
{7Va} (if a is a conical limit point) or Ty (if a = ¢ for a parabolic point ¢). Then, for each
a € A, we define the open sets U, by
Uy = Ny(¢(a), ).
The edges of the I'-graph G are defined as follows:
e Fora,b € A with a € deonl, there is an edge from a to b if (7, 1+ V,) NV} is nonempty.
o If a,b € A with a € Opa, [, there is an edge from a to b if V, NV} is nonempty.

Note that every vertex a of G has at least one outgoing edge: if a is conical, then ~, 1V,
is nonempty, and since V is a covering of 9(T, H), the set v, 'V, has nonempty intersection
with at least one V; € V. The exact same reasoning applies if a is parabolic, since V, is
nonempty. Moreover, for any parabolic point a, the set Va depends only on the orbit of a in
d(T',H), so G must satisfy condition (2) in Proposition 6.1.

Proposition 6.10. For each a € A, we have
¢~ (Wa) C Us.
Proof. When a is not a parabolic vertex, Part (3) of Lemma 6.6 implies:
¢ (Wa) = Ya%a 0 (Wa) CalNar(v5 107 (Wa), 26) € Nar(¢H(a), ) = Us.

When a is a parabolic vertex, then the claim follows directly from Part (1) of Lemma 6.8. O
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Next we verify:

Proposition 6.11. The collection of sets {W,} and {U,} are both G-compatible systems of
open sets for the I'-graph G.

Proof. First fix an edge (a,b) with a € d.onl. Since (v, 1V,) NV}, is nonempty, part 2 of
Lemma 6.6 implies that v, ! - W, contains the §-neighborhood of some point z € Vj. Since
diam(W,) < 6 and V,, C W, we can find a small €’ > 0 so that v, Ngr(Wy,e') C W,,.

In particular, v, ! - W, contains b, which means that Ny (v, ‘¢~ 1(W,),2¢) contains
N (¢71(b),2¢), which contains Nys(Up, ). Then, part 3 of Lemma 6.6 implies that 7, -
Nt (U, €) is contained in Njs(¢p~t(a),e) = U,.

Next fix an edge (¢,b) with ¢ € Opa . From part 2 of Lemma 6.8, we know that Wq
contains the d-neighborhood of a point z € Vq N V4. Since diam(W;) < 6 and Vi, C Wy,
this means that Wq contains an &’-neighborhood of W}, for some small ¢’ > 0. So part 4 of
Lemma 6.8 implies that for any v € T,, we have v - N(W;,&") C Wy

In particular W, contains b, so Nas(¢~1(W,), 2¢) contains Nas (¢~ 1(b), 2¢), which contains
N (Up,€). Then, part 4 of Lemma 6.8 implies that

YN (U, €) € Nar(d~'(q),€) = U,
for any v € Tj,. |

We observe:

Proposition 6.12. The G-compatible systems of open subsets {U,} and {W,} satisfy
conditions (1) - (3) in Proposition 6.1.

Proof. Part (1) follows directly from Proposition 6.10, and the fact that we defined each
U, to be the e-neighborhood of ¢~!(a). Part (2) is true by the construction of the open
covering V and the graph G. Part (3) is true by construction and part 5 of Lemma 6.8. [

To finish the proof of Proposition 6.1, we now just need to show:
Proposition 6.13. The I'-graph G is a relative quasigeodesic automaton for the pair (T, H).

Proof. We apply Proposition 5.15, using the G-compatible system {IW,} and the sets {V,}
we defined in the construction of G.

The first three conditions of Proposition 5.15 are satisfied by construction. To see that
conditions 4 and 5 hold, first observe that if z € V, for a non-parabolic vertex a, then ;! -z
lies in some V4, and (a, b) is an edge in G. And if z € V,, — {p, } for a parabolic vertex a, then
part (3) of Lemma 6.8 says that there is some v € T, such that y~!- 2z € V.. If V;, contains
=1z, the edge (a,b) must be in G.

It only remains to check that G is a divergent I'-graph. Let {«a,} be an infinite G-path,
following a vertex path {v,}. The G-compatibility condition implies that ~,, U, 41 15 a subset
of v,-1U,, for every n. Since M is connected and each U, is a proper subset of M, this
inclusion must be proper. This implies that in the sequence 7,, no element can appear more
than #A times and therefore 7, is divergent. |

Remark 6.14. This last step is the only part of the proof of Proposition 6.1 which uses
the connectedness of M. Note that the proof does not assume that the Bowditch boundary
O(T", H) itself is connected, and this does not follow from connectedness of M since only the
subset A C M surjects onto 9(I', H).

Thus, the above arguments almost (but do not quite) show the general statement that
any relatively hyperbolic group has a relative quasigeodesic automaton. This statement was
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later proved in [MMW24], using arguments very similar to the above. It is likely possible to
modify those arguments to also prove Proposition 6.1 without assuming that M is connected.
However, such a proof would involve introducing additional technicalities in the construction
of the sets V,, and W,, so we elect not to do so here.

We conclude this section by observing that one can slightly refine the construction in
Proposition 6.1 to obtain some stronger conditions on the resulting automaton.

Proposition 6.15. Fiz a compact subset Z of the Bowditch boundary (T, H). Then, for
any open set U C M containing ¢~'(Z), there is a relative quasigeodesic automaton G and a
pair of G-compatible systems of open sets {U,}, {W,} as in Proposition 6.1, additionally
satisfying the following: any z € Z is the limit of a G-path {a,} (with corresponding vertex
path {v,}) such that U,, C U.

Proof. We choose € > 0 so that U contains Nys(¢~(Z),e). We then construct our relative
quasigeodesic automaton G as in the proof of Proposition 6.1, but we also choose a finite
subset Az C Z so that the sets V, for a € Az give a finite open covering of Z. We can
ensure that the vertex set A of G contains A.

Then, for any z € Z, by the construction in Proposition 5.15, we can find a G-path
limiting to z whose first vertex is some a € Az. The corresponding open set for this vertex
is U, = Ny(¢7(a),e) CU. |

Proposition 6.16. For each parabolic point p € 11, let K, be a compact subset of (I, H)—{p}
such thatT'y-K,, = O(T',H)—{p}. Then the relative quasigeodesic automaton in Proposition 6.1
can be chosen to satisfy the following:

For every parabolic vertex w with p, = p € 11, and every z € K, there is a G-path limiting
to z whose first vertex u is connected to w by an edge (w,u).

Proof. The proof of Lemma 6.8 shows that in our construction of the relative automaton,
we can ensure that each set Vp contains K. So if z € K, then by definition of the
automaton, z lies in V,, with w connected to u by a directed edge. Then, following the proof
of Proposition 5.15, we can find a G-path limiting to z whose first vertex is w. O

7. CONTRACTING PATHS IN FLAG MANIFOLDS

Let I' C G be a discrete relatively hyperbolic group, and let G be a I'-graph. Fix a pair of
opposite parabolic subgroups PT, P~. Our goal in this section is to show that under certain
conditions, if {U,} is a G-compatible system of open subsets of G/P* for the action of I on
G/P™, then the sequence of group elements lying along an infinite G-path is P*-divergent.

7.1. Contracting paths in I'-graphs.

Definition 7.1. Let I" be a discrete subgroup of G, let G be a I'-graph, and let {U, },ev(g)
be a G-compatible system of open subsets of G/P*. We say that a G-path {a,}nen is
contracting if the decreasing intersection

(6) m Qp Qe Uﬂn+1
n=1

is a singleton in G/P™.

Definition 7.2. We say that an open set Q C G/PT is a proper domain if the closure of
lies in an affine chart Opp(¢) C G/P™* for some £ € G/P~.



44 THEODORE WEISMAN

Here is the main result in this section:

Proposition 7.3. Let G be a I'-graph for (I',H), and let {U,},ev (g) be G-compatible system
of open subsets of G/PT.

If the set U, is a proper domain for each vertex v of the automaton, then every infinite
G-path is contracting.

7.2. A metric property for proper domains in flag manifolds. To prove Proposition 7.3,
we consider a metric Cq defined by Zimmer [Zim18] on any proper domain 2 C G/P*. Cq
is defined so that it is invariant under the action of G on G/P™: for any x,y in some proper
domain 2 C G/PT, and any g € G, we have

(7) CQ(xvy) = CgQ(ng,gy).

In general, Cq, is not a complete metric. However, Cq induces the standard topology on
Q2 as an open subset of G/P*. We will show that for a G-path {c,}, the diameter of

[ IR anUUn,+1

with respect to Cy,  tends to zero as n — oo.

Zimmer’s construction of Cg depends on an irreducible representation ¢ : G — PGL(V)
for some real vector space V. This is provided by a theorem of Guéritaud-Guichard-Kassel-
Wienhard.

Theorem 7.4 ([GGKW17], see also [Zim18], Theorem 4.6). There exists a real vector space
V', an irreducible representation ¢ : G — PGL(V), a line £ CV, and a hyperplane H C'V
such that:

(1) L+H=V.

(2) The stabilizer of £ in G is PT and the stabilizer of H in G is P~.

(3) gP*tg~t and hP~h™! are opposite if and only if ((g)¢ and ((h)H are transverse.

The representation ¢ determines a pair of embeddings ¢ : G/PT — P(V) and .* : G/P~ —
P(V*) by
WgPT)=¢l9)t, " (9P7) =((9)H.
In this section, we will identify P(V*) with the space of projective hyperplanes in P(V'), by
identifying the projectivization of a functional w € V* with the projectivization of its kernel.

Definition 7.5. Let Q be an open subset of G/PT. The dual domain Q* C G/P~ is
O* = {v € G/P~ : v is opposite to & for every £ € Q}.
Note that Q2* is always open, and it is nonempty precisely when €2 is a proper domain.

Definition 7.6. Let wy,wy € P(V*), and let 21,20 € P(V). The cross-ratio [wy, wa; 21, 22]
is defined by

w1 (21 )W2(Z)’
where w;, Z; are respectively lifts of w; and z; in V* and V.

Remark 7.7. When V is two-dimensional, we can identify the projective line P(V*) with
P(V) by identifying each [w] € P(V*) with [ker(w)] € P(V). In that case, the cross-ratio
defined above agrees with the standard four-point cross-ratio on RP!, given by
(d—a)(c—1b)

(8) [a,b;c,d] := C—ad=D)
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The differences in (8) can be measured in any affine chart in RP! containing a, b, ¢,d. Our
convention is chosen so that if we identify RP! with R U {oo}, we have [0, 00;1, 2] = 2.

Definition 7.8. Let Q C G/P™ be a proper domain. We define the function Cq : @ xQ — R
by

Ca(z,y) = sup log|[t* (&), 0" (&2);v(@), e(y)]]-
£1,82€0"

For any g € G and any proper domain Q C G/P™T, we have (¢Q)* = (¢2*). So Cq must
satisfy the G-invariance condition (7).

If Q is a properly convex subset of P(V), and (, ¢, ¢* are the identity maps on PGL(V),
P(V), and P(V*) respectively, then Cq agrees with the well-studied Hilbert metric on §).
More generally we have:

Theorem 7.9 ([Zim18], Theorem 5.2). If Q) is open and bounded in an affine chart, then
Cq is a metric on Q which induces the standard topology on  as an open subset of G/P™T.

Remark 7.10. This particular result in [Zim18] is stated only for noncompact simple Lie
groups, but the proof only assumes that G is semisimple with no compact factor.

Since taking duals of proper domains reverses inclusions, it follows that if 21 C 9, then
Cq, > Cq,. Our goal now is to sharpen this inequality, and show:

Proposition 7.11. Let Q1, Qo be proper domains in G /P, such that Qi C Qs.
There exists a constant A > 1 (depending on Qy and Q) so that for all x,y € Q4

Cﬂl ((E, y) > A CQ2 (SL’, y)
A consequence is the following, which in particular implies Proposition 7.3.

Corollary 7.12. Let G be a I'-graph for a relatively hyperbolic group T, and let {U,} be a
G-compatible system of open subsets of G/PT. If each U, is a proper domain, then there are
constants A1, A2 > 0 so that for any G-path {a,} in the T'-graph G, the diameter of

Q1 Qg e U’Un+1

with respect to Cy,, is at most
A1 -exp(—Ag - m).

Proof. For any open set U C G/P* and A C U, we let diamy (A) denote the diameter of A
with respect to the metric Cyy. We choose a uniform € > 0 so that in some fixed metric on
G/P™T, every edge (v,w) in G, and every o € T,,, we have
alN Uy, e) C U,.
Then for each vertex set U, we write US = N(U,,¢).
We take

A1 = max{diamy: (U,)}.

Proposition 7.11 implies that there exists A, > 0 such that for all z,y € U,, we have
CUu (iL’, y) 2 EXp(AU) ’ CU;? (ZL’, y)

Take Ao = min,{\,}. We claim that for all n > 1, we have
) < Arexp(—Ag - (n—1)).

diamU51 (a1 anU,, .,

We prove the claim via induction on the length of the G-path {c,,}. For n =1, the claim is
true because a1 U,, C U,,. For n > 1, we can assume

A exp(—Ag(n—2)) > diangz (az--an-Uy,,).
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Then we have

diang2 (g ay - U,

vn+1) = diamOHUSZ (0&1 Ot Uvn+1)

> diamy, (o1 ay - Uy,,,)

> exp(A2) - diamU51 (a1 - Uy, )-
Finally, the claim implies the corollary because we know that

diamy, (o1 ---a,U,

vn+1) < diamalng (ap -+ OénUvnH)

= diamU52 (g - anUvn+1)

< Aexp(—Aa(n —2)).
So, we can replace A1 with A exp(2X2) to get the desired result. |

‘We now proceed with the proof of Proposition 7.11. We first observe that in the special
case where €)1, {25 are properly convex subsets of real projective space, one can show the
desired result essentially via the following:

Proposition 7.13. Let a,b, c,d be points in RP', arranged so thata <b<c<d<a in a
cyclic ordering on RPY. Then there exists a constant X\ > 1, depending only on the cross-ratio
[a,b;c,d], so that for all distinct x,y € (b,c), we have

|10g[ba c;m,y]| > A |10g[a,d,x,y]\

Proposition 7.13 is a standard fact in real projective geometry and can be verified by a
computation. Note that we allow the degenerate case a = d: in this situation the right-hand
side is identically zero for distinct z,y € (b, ¢). We allow no other equalities among a, b, ¢, d,
so the cross-ratio [a, b; ¢, d] lies in R — {1}.

To apply Proposition 7.13 to our situation, we need to get some control on the behavior
of the embeddings ¢ : G/PT — P(V) and * : G/P~ — P(V*). We do so in the next three

lemmas below.

Lemma 7.14. Let z,y be distinct points in G/P™. There exists a one-parameter subgroup
g+ C G such that ((g:) fizes () and t(y), and acts nontrivially on the projective line Ly,
spanned by t(x) and (y).

Proof. We can write © = gP1 for some g € G. Let a denote an abelian subalgebra of the
Lie algebra g of G, such that for a maximal compact K C G, the exponential map a — G
induces an isometric embedding a — G/ K whose image is a maximal flat in G/K.

There is a conjugate a’ of a such that the action of exp(a’) on G/P™ fixes both z and y
(see [Ebe96], Proposition 2.21.14). So, up to the action of G on G/P*, we can assume that
z is fixed by a standard parabolic subgroup P9+ conjugate to PT, and that z,y are both
fixed by the subgroup exp(a).

We choose Z € at so that a(Z) # 0 for all « € 6. Then g; = exp(tZ) is a 1-parameter
subgroup of G fixing x. As t — +o00, g; is P(;" -divergent, with unique attracting fixed point
x.

Then [GGKW17], Lemma 3.7 implies that ((g;) is P1-divergent, where P; is the stabilizer
of a line in V, and ¢(x) is the unique one-dimensional eigenspace of ((g:) whose eigenvalue
has largest modulus. And, since ((g;) fixes «(x) and ¢(y), ((g:) preserves L,,, and acts
nontrivially since the eigenvalues of ((g:) on ¢(z) and ¢(y) must be distinct. O
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Lemma 7.15. Let L be any projective line in P(V') tangent to the image of the embedding
t:G/PT = P(V) at a point o(z) for x € G/P*. There exists a one-parameter subgroup g
of G so that ((g¢) acts nontrivially on L with unique fized point (x).

Proof. Fix a sequence y,, € G/PT such that y, # = and the projective line L,, spanned by
t(x) and ¢(y,) converges to L. By Lemma 7.14, there exists Z, € g so that ((exp(tZ,)) acts
nontrivially on L,,, with fixed points ¢(z) and ¢(y,).

In the projectivization P(g), [Z,] converges to some [Z]. Since ¢ : G — PGL(V) has finite
kernel, there is an induced map ¢ : P(g) — P(sl(V')), which satisfies

¢([Zn]) — <([2)).
A continuity argument shows that the one-parameter subgroup ((exp(tZ)) acts nontrivially
on the line L, and has unique fixed point at ¢(x). |

Lemma 7.16. Let Q C G/P™T be a proper domain, and let L be a projective line in P(V)
which is either spanned by two points in 1(2), or is tangent to «(G/PT) at a point (x) for
x €. Then

Wr={veL:v=1"()NL for{ €Q"}
s a nonempty open subset of L.

Proof. First observe that if £ € Q*, then the intersection ¢*(§) N L is a singleton: since t*(§)
is a hyperplane which does not contain any point in ¢(2), it must be in general position
with L. So, since 2* is nonempty, W, contains at least one point v. Choose £ € Q* so that
*(€)N L =v. We need to show that an open interval I C L containing v is contained in Wr,.
If L is spanned by z,y € ¢(€2), then Lemma 7.14 implies that we can find a one-parameter
subgroup ¢g; € G such that ((g;) fixes x and y, and acts nontrivially on L. Since * is open,
we can find € > 0 so that g; - £ € Q* for t € (—e,¢). Since z and y are in ¢(Q), t*(&) is
transverse to both z and y, so we have v # x, v # y. Then as t varies from —¢ to ¢,

(g §)NL=¢(gt) v

gives an open interval in Wy, containing v.
A similar argument using Lemma 7.15 shows that the claim also holds if L is tangent to
t(G/PT) at a point in ¢(2). O

We can now prove a slightly weaker version of Proposition 7.11, which we will then use to
show the stronger version.

Lemma 7.17. Let Q1,Qs be proper domains in G/P*, with Q1 C Qa, and let K C Q be
compact. There exists a constant A > 1 such that for all x,y € K,

CQl (.’I}, y) > A ng (J}, y)
Proof. Since K is compact, it suffices to show that for fixed = € €y, the ratio

Co, (z,y)
Co,(z,y)
is bounded below by some A > 1 as y varies in K — {z}.
Let y € K —{«}, and let L,, denote the projective line spanned by «(x) and ¢(y). Choose
&,m € Q3 so that

Ca, (z,y) = log [[*(§), " (n); (), (y)]]-
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That is, if v = *(§) N Lyy, w = ¢*(n) N Ly, we have

o = )] Jw — oz)]

v —u(@)] - Jw —u(y)|”

where the distances are measured in any identification of L,, with RP* = R U {oco}.

We can choose an identification of Ly, with R U {oo} so that either v < ¢(x) < ¢(y) < w
or v < u(z) <w < ¢(y). In either case, for any v" € (v, t(z)) C Lgy, we have

Ca, (z,y) = log [[v, w; t(x), (y)]| = log

log |[v/, w; e(x), 1(y)]] > log [[v, w; 1(z), t(y)]|-

We know that QF C QF, so &, lie in Qf. Then Lemma 7.16 implies that there exists
2 1 U 1
& € QF so that v' = 1*(&’) N Lyy lies in the interval (v, ¢(z)) C Lyy. See Figure 8.

FIGURE 8. We can always find £’ € QF close to £ so that the absolute value
of the cross-ratio [t*(§),¢*(n); ¢(x), t(y)] increases when we replace & with
&', In particular this is possible even when the sets ¢(€21), ¢(€2) fail to be
convex (left) or even connected (right).

Then, we have

Ca, (z,y) > log [[t* (&), " (n); e(x), ()]

[
= log |[v/, w; ¢(x), ()]
> log [[v, w; (2), 1(y)]
= CQ2 (I‘, y)
This shows that % > 1 for all y € K — {a}. We still need to find some uniform A > 1
5 (@
so that ggl Eiz; > A for all y € K — {z}. To see this, suppose for the sake of a contradiction
» (@,
that for a sequence y,, € K — {z}, we have
CQQ ("L‘7 y’I’L)

Since K is compact, y, must converge to z. Up to subsequence, the sequence of projective
lines L,, spanned by «(z) and ¢(y,) converges to a line L tangent to «(G/P*) at «(z).
For each y,, choose &,, n, € 13 so that

Coy, (7, yn) = log |[t™(§n), " (1n); (), t(yn)]|-
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Let v, = ¢*(£,) N Ly, wy, = ¢*(1,,) N Ly,. Then up to subsequence &, converges to £ € O, 1,
converges to n € QF, and v, w, respectively converge to v € t*(§) N L and w € ¢*(n) N L.
Further, since z is in Q9, ¢*(£) and ¢*(n) are both transverse to ¢(z). This implies that
t(z) # w and «(x) # v (although a priori we could have v = w). It also implies that neither
t*(€) nor +*(n) contains the projective line L, and so

v=1"()NL, w=1"(n)N L.

Since ¢ € Q5 C QFf, Lemma 7.16 implies that there exist ¢,n' € QFf so that for some
identification of L with R U {c0}, we have

v</MEYNL<u(z) < (n)NL < w.

Note that this is possible even if v = w, because then we can just identify both v and w
with co. Let v], = ¢*(¢') N Ly, and let w), = ¢*(n’) N L,,. Respectively, v/, and w], converge
tov' =*(¢)NLand w' = *(n) N L.

This means that the cross-ratios [v,, v),; w),, w,] converge to [v,v';w’,w] € R — {1}, and
in particular are bounded away from both oo and 1 for all n.

We choose identifications of L,, with RU{oo} so that v, < v}, < ¢(z) < w), < wy,. Since yy,
converges to z, for all sufficiently large n, we have v}, < t(y,) < w},. Then, Proposition 7.13
implies that for all n, we have

log [, s (@), (yn)] = A - 10g [, wns (), t(yn)]]

for some A > 1 independent of n. But then since

CQ1 (Iv yn) > log |[L* (5,)3 L (77/); L(‘T)7 L(yn)”a

we have Cq, (z,yn)/Ca,(x,yn) > A for all n, contradicting (9) above. O

Proof of Proposition 7.11. We fix an open set Q.5 such that Q1 C Q;5 and Q5 C Qs.
Since Cq, (z,y) > Caq, ;(z,y) for all z,y € Oy, we just need to see that there is some A > 1
so that

CQ1.5 ('75’ y)
CQZ (ZE, Z—,/)

for all z,y € ;. This follows from Lemma 7.17. |

>\

7.3. Contracting paths are PT-divergent.

Proposition 7.18. Let G be a I'-graph for a group T C G, and let {U,} be a G-compatible
system of open sets of G/PT with each U, a proper domain.
If a, is a contracting G-path, then the sequence

Tn = Q1" Qp
is PT-divergent with unique limit point &, where {£} = ("1 YnUu, ., -
Proof. Consider the sequence of open sets

Tn Uvn+1~

Up to subsequence, U, , is a fixed open set U C G/P*. By assumption {a, } is a contracting
path, so 7, - Uy, ,, converges to a singleton {£}. So, we apply Proposition 3.6. |
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8. A WEAKER CRITERION FOR EGF REPRESENTATIONS

In this section we assume that P is a symmetric parabolic subgroup of a semisimple Lie
group G. Our goal is use the relative quasigeodesic automaton and G-compatible system
of open sets considered previously to prove a “conical /peripheral” characterization of EGF
representations (we mentioned this characterization earlier in Section 4).

The key idea of our “conical/peripheral” characterization is contained in the following
lemma. The point is that the G-compatible system gives us a way to exploit the connection
between P-divergence and nested subsets of G/ P, discussed in the previous section.

Lemma 8.1. Let (I',H) be a relatively hyperbolic pair and let p : T' — G be a representation.
Suppose there exists

(1) a T-invariant closed set A C G/P and a continuous equivariant surjective antipodal
map ¢ : A — I(T',H), and

(2) a relative quasigeodesic automaton G and a G-compatible system {U,} of open subsets
of G/ P, such that the U,’s cover A and each U, is a proper domain intersecting A
nontrivially.

Then, for every sequence vy, € I which is unbounded in the coned-off Cayley graph Cay (T, S, P),
the sequence p(vy) is P-divergent, and every P-limit point of p(v,) lies in A.

Proof. We will show that every subsequence of v, has a P-contracting subsequence, so
take an arbitrary subsequence of v,. By Lemma 5.7, we may assume that for a bounded
sequence b, € I', v, b, is the endpoint of a finite G-path {aﬁ,if)}ﬁf;l. Up to subsequence b, is
a constant b, independent of n.

Let {v} be the vertex path associated to {ag:)}. Up to subsequence v}, ., is a fixed
vertex v, and v} is a fixed vertex v’. Let US, be an e-neighborhood of U,, with & chosen
sufficiently small so that U}, is still a proper domain.

The sequence M,, must be unbounded, since the length of v, with respect to the coned-off
Cayley graph metric is at most a fixed constant times M,,. Corollary 7.12 then implies that
the diameter of

p1b) - Uy = p(e™) - plali U,
with respect to the metric CU;, tends to zero, exponentially in M,,. Since this sequence of

sets lies in the compact set U,» C UZ,, up to subsequence it must converge to a singleton {£}
in G/P. In fact £ must lie in A, because A is compact and ¢ is the limit of a sequence of
points in the sequence of nonempty closed sets (p(v,b) - U,) N A. Then, since p(v,) - p(b)U,
converges to {{}, Proposition 3.6 implies that p(v,) is P-divergent with unique P-limit

€. 0

An immediate corollary of the above (together with the construction in section 6 of this
paper) is the following:

Corollary 8.2. Let (I',H) be a relatively hyperbolic pair, and let p : T — G be a P-EGF
representation. Then p is relatively P-divergent.

Lemma 8.3. Let (I',H) be a relatively hyperbolic pair, let p: T — G be a representation, let
A C G/P be a closed T'-invariant set, and let ¢ : A — (T, H) be a continuous equivariant
surjective antipodal map.

Suppose that v, € I' is a sequence converging to z4 € Ocon(I', H), such that p(yy) is
P-divergent and every P-limit point of p(y:F1) lies in A. If v;! converges to z_ € (T, H),
then for every compact set K C Opp(¢~t(z_)) and every open U containing ¢p~—*(z4), for
large enough n, we have p(v,)K C U.
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Proof. Assume I' is non-elementary. It suffices to show that every subsequence of ~, has a
further subsequence satisfying the desired property. So, we can freely extract subsequences
throughout this proof.

We assume P symmetric, so p(7,,!) is also P-divergent and has nonempty P-limit set.
Let &4 be a pair of flags in the P-limit sets of p(7;*!), respectively; by assumption we have
&+ € A. By Lemma 3.7, we have a subsequence so that p(7,,) converges to £ uniformly on
compacts in Opp(&_).

Antipodality of ¢ implies that every compact subset of O(T', H) — {¢(£_)} is contained in
?(Opp(€-) N'A). Then, by equivariance and continuity of ¢, we see that ~, must converge
to ¢(€4) on compacts in (I, H) — {¢(£-)}. If we assume T is non-elementary, this uniquely
characterizes the points ¢(¢4) as the limits of 77! in (', H). So, we see that p(+,) converges
uniformly to &, € ¢~1(2,) on every compact in Opp(¢~1(2_)) C Opp(£_), as required. [

We recall the statement of our weaker characterization of EGF representations here:

Proposition 4.13. Let p: ' — G be a representation. Suppose that there is a continuous
surjective p-equivariant antipodal map ¢ : A — (L, H) and open subsets C, C G/P for each
z € (', H) satisfying property (C1) in Definition 1.2.
Then p is an EGF representation if and only if the following conditions hold:

(P-conical) For any sequence 7, € T limiting conically to some point in O(T,H), p(vEh) is

P-divergent and every P-limit point of p(y:F1) lies in A.
(C2-par) For any parabolic point p € O(L',H), any compact K C C,, and any open set U
containing ¢~ (p), for all but finitely many v € T', = Stabr(p), we have p(v)K C U.

Proof. To see the “only if” part, observe that if we know that ¢ is an EGF boundary extension,
we can use the results of Section 6 to construct an automaton satisfying the hypotheses of
Lemma 8.1, which immediately implies that condition (P-conical) holds. Condition (C2-par)
is immediate from the assumption that ¢ extends the convergence action of I" on 9(T", H).

So, we focus on the “if” part. Without loss of generality we can assume that for every
conical z € O(I',H), the set C, is equal to the set Opp(¢~1(2)): for this choice of strata,
antipodality of ¢ and the fact that antipodality is an open condition implies that (C1) still
holds.

Now, observe that if 7, is a sequence limiting conically to z, € 9(I',H), with ~;*
converging to z_, then Lemma 8.3, together with condition (P-conical), implies that the
map ¢ : A — G/P and strata C, satisfy both conditions (C2-con) and (C2-par) given at the
beginning of Section 6. So, by Proposition 6.1, we know that there is a relative quasigeodesic
automaton G satisfying the hypotheses of Lemma 8.1. Thus, the representation p is relatively
P-divergent, and for every sequence 7, in I' which is unbounded in Cay(T",S,P), all of
the P-limit points of p(7y,) are contained in A. But this is precisely condition (P-div) in
Proposition 4.7, meaning the representation p and map ¢ : A — 9(T',H) satisfy all the
conditions in Proposition 4.7 and p is EGF. O

The arguments above also imply the following characterization of EGF representations.
This result is not needed anywhere else in the paper.

Proposition 8.4. Let (I',H) be a relatively hyperbolic pair, let p : T' — G be a representation,
and let P C G be a symmetric parabolic subgroup.

Then p is EGF if and only if there is a closed p-invariant set A C G/P, a surjective
equivariant antipodal map ¢ : A — I(T,H), and open subsets C, C G/P for each z € O(T', H)
satisfying each of the following:
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(C1) For every compact K C O(I',H), the set (),.x C. contains an open neighborhood of
YO, H) — K).
(C2-con) For any sequence 7, € T limiting conically to some point z in (T, H), withy,;* — z_,
any open set U containing ¢~ (z), and any compact K C C,_, we have p(v,)- K C U
for all sufficiently large n.
(C2-par) For any parabolic point p € (L', H), any compact K C C,, and any open set U
containing ¢~ (p), for all but finitely many v € T, we have p(y) - K C U.

Proof. The “only if” direction is immediate from the definition, so suppose we have a
representation satisfying the hypotheses above. The results of Section 6 imply that there is
a relative quasigeodesic automaton satisfying the hypotheses of Lemma 8.1, so p is relatively
P-divergent, and all of the relative P-limit points lie in A. Thus Proposition 4.7 applies and
p is EGF. O

9. RELATIVE STABILITY

In this section we prove the main relative stability property for EGF representations
(Theorem 1.4).

9.1. Deformations of EGF representations. In general, the set of EGF representations is
not an open subset of Hom(T", G). However, it is relatively open in a subspace of Hom(T', G)
where we restrict the deformations of the peripheral subgroups appropriately. Roughly
speaking, we want to consider subspaces W C Hom(T", G) where the dynamical behavior of
the peripheral subgroups changes continuously under deformation. That is, if p is a parabolic
point, and pg is a representation of I' where po(Stabr(p)) attracts points towards a particular
subset A, C G/P at a particular “speed,” then we want to work with small deformations
pi of po where p,(Stabr(p)) attracts points towards a small deformation of A, at a similar
“speed.”
The precise condition is the following:

Definition 9.1. Let pg : I' = G be an EGF representation with boundary extension
¢:A— 0, H), and let W C Hom(T', G) contain py.
We say that W is peripherally stable at (po, @) if for every p € Opar(T', H), every open set
U containing ¢~ (p), every compact set K C C),, and every cofinite set 7' C Stabr(p) such
that
pO(T) K C U7
there is an open set W C W containing py, such that for every p’ € W', we have
o (T)-K cCU.
We restate the main result of the paper below:

Theorem 1.4. Let p: ' — G be EGF with respect to P, let ¢ : A — O(T',H) be a boundary
extension, and let W C Hom(T', G) be peripherally stable at (p, ¢). For any compact subset Z
of (T, H) and any open set V. C G/P containing ¢~ (Z), there is an open subset W' C W
containing p such that each p' € W' is EGF with respect to P, and has an EGF boundary
extension ¢ satisfying ¢’ (Z) C V.

Remark 9.2. In [Bow98], Bowditch explored the deformation spaces of geometrically
finite groups I' C PO(d, 1), and gave an explicit discription of semialgebraic subspaces of
Hom(T',PO(d, 1)) in which small deformations of I" are still geometrically finite.
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Bowditch’s deformation spaces are peripherally stable, so it seems desirable to find a
general algebraic description of peripherally stable subspaces.

Even in PO(d, 1), the question is subtle, however. Bowditch also gives examples of
geometrically finite representations p : I' — PO(d, 1) (for d > 4) and deformations p; of p in
Hom(T", PO(d, 1)) such that the restriction of p; to each cusp group in I' is discrete, faithful,
and parabolic, but p; is not even discrete; further examples exist where the deformation is
discrete, but not geometrically finite.

Example 9.3. Let B € SL(d,R) be a d-dimensional Jordan block with eigenvalue 1 and
eigenvector v, and let A € SL(d + 2,R) be the block matrix (B L )

Although [v] is not quite an attracting fixed point of A, it is still an “attracting subspace’
in the sense that if K is any compact subset of RP?T! which does not intersect a fixed
hyperplane of A, then A™ - K converges to {[v]}. Via a ping-pong argument, one can
use this “attracting” behavior to show that for some & > 1 and some M € SL(d + 2,R),
the group I' generated by a = A* and 3 = MAFM~" is a discrete free group with free
generators «, 8. The group T' is hyperbolic relative to the subgroups (@), (8), and the
inclusion I' < SL(d + 2,R) is EGF with respect to P; 441 (the stabilizer of a line in a
hyperplane in R9+2),

Here, there are peripherally stable deformations of I' which change the Jordan block
decomposition of A. For instance, consider a continuous path A; : [0,1] — SL(d + 2, R) given

B
by A; = ( ‘1 . ), where By = B and B, is a diagonalizable matrix in SL(d,R). For small
values of ¢, the group I'; generated by oy = AF and S is still discrete and freely generated by
¢ and f—since the “attracting” fixed points of A; deform continuously with ¢, the same

exact ping-pong setup works for all small ¢ > 0. And indeed the path in Hom(T", SL(d + 2, R))
determined by the path A; is a peripherally stable subspace.

i

B
On the other hand, consider the path A} = ¢ ], andlet o = AlE. In this case the

e
corresponding subspace of Hom(T', SL(d + 2, R)) is not peripherally stable: while the group
generated by o is still discrete, the attracting fixed points of A} do not deform continuously
in t. So, there is no way to use the ping-pong setup for I" to ensure that T, = (a}, 3) is a
discrete group.

Example 9.4. Here is a somewhat more interesting example of a non-peripherally stable
deformation. Let M be a finite-volume noncompact hyperbolic 3-manifold, with holonomy
representation p : 1 M — PSL(2,C) (so there is an identification M = H?3/p(m; M)). Then
m1 M is hyperbolic relative to the collection C of conjugates of cusp groups (each of which is
isomorphic to Z?), and the representation p is geometrically finite (in particular, EGF).

In this case, for any sufficiently small nontrivial deformation p’ of p in the character
variety Hom(m M, PSL(2,C))/ PSL(2,C), the restriction of p’ to some cusp group C € C
either fails to be discrete or has infinite kernel. So Hom(m; M, PSL(2,C)) is not peripherally
stable, because any sufficiently small deformation of p inside of a peripherally stable subspace
must have discrete image and finite kernel on each C € C. This is true despite the fact that
arbitrarily small deformations of p are holonomy representations of complete hyperbolic
structures on Dehn fillings of M (so in particular, they are discrete).

The main ingredient in the proof of Theorem 1.4 is the relative quasigeodesic automaton G
and the associated G-compatible system of open sets {U, } we constructed in Proposition 6.1.
The following proposition is immediate from the definition of peripheral stability:
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Proposition 9.5. Let p: ' — G be an EGF representation with boundary extension ¢, and
let W C Hom(T', G) be a subspace which is peripherally stable at (p, d).

If G is a relative quasigeodesic automaton for T, and {U,} is a G-compatible system of
open subsets of G/P for p(I'), then there is an open subset W' C W containing p such that
for every p' e W', {U,} is also a G-compatible system of open sets for p'(T').

Theorem 1.4 then follows from a kind of converse to Proposition 6.1: we will show that
we can reconstruct a map extending the convergence dynamics of I" from the G-compatible
system {U,}.

9.2. An equivariant map on conical limit points. For the rest of this section, we
let p: ' = G be a representation which is EGF with respect to a symmetric parabolic
subgroup P C G. We let ¢ : A — O(I',H) be a boundary extension for p, and assume
that W C Hom(T', G) is peripherally stable at (p, ). We also let Z be a compact subset
of (I',H), and let V C G//P be an open subset containing ¢=1(Z). We again fix a finite
subset II C Opar(I', ), containing one point from every I'-orbit in Opar (I, H).

Using Proposition 6.1, we can find a relative quasigeodesic automaton G and G-compatible
system {U,} of open subsets of G/P for p(T'). Using Proposition 6.15, we can ensure that
for any z € Z, there is a G-path {a;,} limiting to z (with vertex path {v,}) so that U,, is
contained in V.

For each p € II, we also fix a compact set K, C O(T', H)—{p} such that I',- K, = 0(T', H) —
{p}, and assume that the automaton G has been constructed to satisfy Proposition 6.16.

Antipodality of the map ¢ implies that for each z € 9(T', H), each fiber ¢—1(2) is a closed
subset of some affine chart in G/P. So, we can also assume that U, is a proper domain for
each vertex v of G. In fact, by way of the following lemma, we can assume even more:

Lemma 9.6. Let p be an EGF representation with boundary map ¢ : A — O(T', H).

For any 6 > 0, we can find a relative quasigeodesic automaton G with G-compatible
system {U,} of open sets in G/P as in Proposition 6.1, so that for any x,y € (T, H) with
d(z,y) >0, if o~ (x) C U, and ¢~ (y) C Uy, then U, and U, are opposite.

Proof. We choose ¢ > 0 so that if d(v,w) > §/2 for v,w € 9(T',H), then the closed
e-neighborhoods of

¢ (), ¢ H(w)
are opposite. This is possible for a fixed pair v, w € 9(I", H) since antipodality is an open
condition, and ¢~!(v), ¢~ (w) are opposite compact sets. Then we can pick a uniform ¢ for
all pairs since the the subset {(u,v) € (O(T',H))? : d(u,v) > §/2} is compact.

Shrinking e if necessary, we can also use uniform continuity of the map ¢ : A — 9(I', H) to
ensure that if £, and v, V" are flags in A satisfying d(¢(€), ¢(v)) > ¢ and d(&,¢'), d(v,V') < ¢,
then d(6(¢"), (")) > 62

Consider G-compatible systems of open subsets {U,} and {W,} for the action of I" on
G/P and 90(I', H), coming from Proposition 6.1. We can ensure that for each vertex a we
have U, C N(¢~(w),e) for some w € W,,.

Now, let z,y € O(T',H) satisfy d(z,y) > 6, and assume that ¢~1(z) C U, and ¢~ 1(y) C U,
for vertices a,b. From the above we know that

Ua CN(¢7'(v),e),  Up C N(¢™'(w),e)

for v € W, and w € W;,. Thus we have flags £ € ¢~(z) and & € ¢ (v) satisfying
d(&,¢") < e, and flags v € ¢~ (y), v € ¢~ (w) satisfying d(v, 1) < . From our choice of ¢,
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we have that d(v,w) > /2. So our choice of ¢ also ensures that the closures of N (¢~ (w), )
and N(¢~1(v),e) are opposite, and therefore so are U, and Uy. O

Using cocompactness of the action of I" on the space of distinct pairs in 9(I',H), we
know that there exists some fixed § > 0 such that for any distinct z1, 2o € (T, H), we can
find some v € T such that d(vz1,7v22) > §. Then, in light of Lemma 9.6, we can make the
following assumption:

Assumption 9.7. For any z1, 20 € O(I',H) satisfying d(z1,22) > 6, if $71(21) C U, and
¢~ 1(29) C Uy, for v,w vertices of G, then U, and U, are opposite.

With our relative quasigeodesic automaton G and compatible system of open sets {U, }
fixed, we now choose an open subset W C W so that for any p/ € W', {U,} is also a
G-compatible system for the action of p/(T') on G/P. Our main goal for the rest of this
section is to show that any p’ € W’ is an EGF representation. So, we fix some p’ € W'.

Let Path(G) denote the set of infinite G-paths. Proposition 7.3 implies that every path in
Path(G) is contracting for the p’-action, so we have a map

¢, : Path(G) — G/P,

where the path {a,,} maps to the unique element of

m Pl(al) e Pl(an)UvnH'
n=1

Lemma 9.8. The map v, : Path(G) = G/P induces an equivariant map
Yy Oconl’ = G/ P.

Proof. We first need to see that 1,/ is well-defined, i.e. that if z is a conical limit point and
{an}, {Bn} are G-paths limiting to z, then ¢, ({an}) = ¥y ({Bn})-
Let
Tn = Q1" Qnp, nm:ﬁlﬁm
By Lemma 5.13, the Hausdorff distance between the sets {v,} and {n,,} is finite. Propo-
sition 7.18 implies that p'(v,) and p'(n,) are both P-divergent sequences and each have
a unique P-limit point in G/P, given by ¢, ({an}), ¥y ({Bm}), respectively. Combining
the bound on Hausdorff distance with [KLP17, Lemma 4.23], we see that the set of P-limit

points of p’(7,) and p’(n,,) must agree and therefore ¥, ({an}) = ¥ ({Bm})-
The argument for equivariance is nearly the same. Fix g € I'. Then if {«, } is a G-path
limiting to z, and {8,,} is a G-path limiting to gz, Lemma 5.13 also tells us that the sequences

{gon---an},  {B1-- Bm}

have finite Hausdorff distance in Cay(I"). Moreover, the same argument as above tells us
that p’ maps each of these sequences to a P-divergent sequence, with unique P-limit points
given respectively by

P'(Q)%'({an})a %/({@u})

Again, the bound on Hausdorff distance means that these P-limit points actually agree. [

Later we will see that 1, is both continuous and injective.
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9.3. Extending v, to parabolic points. We want to extend the map ¢, : Oconl' = G/P
to the entire Bowditch boundary 9(I', ). To do so, we need to view 1,, as a map to the set
of closed subsets of G/P.

The first step is to define 1,/ on the finite set II C Opa,I'. The idea is to define ¢, (p) for
p € II to be a set of “accumulation points” for orbits in G/P for the p’-action of I',. Since
p'(T'p) need not be P-divergent, these accumulation points are not generically independent
of the choice of orbit. However, the system of open sets attached to our automaton (together
with the peripheral stability condition) will allow us to make a choice which is reasonably
well-behaved.

The specific construction is the following. For any vertex v in G, we consider the set

B, = U U,.
(v,y) edge in G
Then, for each p € II, we pick a parabolic vertex w so that p,, = p. We define A; to be
the closure of the set of accumulation points of sequences of the form p'(v,) - z, for z € B,
and v, distinct elements of I',. Part (3) of Proposition 6.1 guarantees that B,, C Cp, and
G-compatibility of the system {U,} for the p'(I')-action on G//P implies that A}, C U,. By
construction, A, is invariant under the action of p(I'y).
Next, given a parabolic point g € Oparl’, we write ¢ = g - p for p € II, and then define

V(@) = p'(g) A,
Since A; is I'p-invariant and I', is exactly the stabilizer of p, this does not depend on the
choice of coset representative in gI',. Moreover 9, is still p’-equivariant.

In addition, if v is any parabolic vertex with parabolic point p, = g - p for p € II, part
(2) of Proposition 6.1 ensures that B, = B,, for any parabolic vertex w with p,, = p. So,
p'(g) - A}, is exactly the closure of the set of accumulation points of the form p'(gv,) - = for
sequences 7y, € I', and » € B,. Then G-compatibility implies that 1,/ (p,) = p'(g)A}, is a
subset of U,,.

Remark 9.9. There is a natural topology on the space of closed subsets of G/P, induced
by the Hausdorff distance arising from some (any) choice of metric on G/P. We emphasize
that the map 1),/ is not necessarily continuous with respect to this topology.

Ultimately we want to use 1, to define a map extending the convergence dynamics of T',
so we will need to also define the sets C for each z € 9(T',H). For now, we only define C},
for p € II: this will be the set

U 7' (v)Bu.

vely
We can immediately observe:

Proposition 9.10. C,, is p'(I',)-invariant. Moreover, for any infinite sequence v, € T';, any
compact K C C},, and any open U C G/P containing A,,, for sufficiently large n, p'(vn) - K
lies in U.

Proof. First, I'p-invariance follows directly from the definition. Fix a compact K C Cz/7 and
an open U C G/P containing Aj,. Then K is contained in finitely many sets p'(7)B,, for
v € Iy, so any accumulation point of p'(7,)x for z € K and ,, € T, lies in A}. In particular,
for sufficiently large n, p’(v,)z lies in U, and since K is compact we can pick n large enough
so that p'(y,)x € U for all z € K. O

We next want to use 1,y to define an antipodal extension from a subset of G/P to O(T', H).
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Lemma 9.11. For any z € O(T,H), if {an} is a G-path limiting to z with corresponding
vertex path {v,}, then ¢~1(2) and ¢, (z) are both subsets of U,, .

Proof. If z is a conical limit point, then this follows immediately from Proposition 5.11 and
the definition of ¢,/. On the other hand, if z is a parabolic point, then z = o - - - anpy, Where
v is a parabolic vertex at the end of the vertex path {v,}. By part (3) of Proposition 6.1,
we have p, € W, and thus ¢~(p,) C U,. By p-equivariance of ¢ we have

¢~ (2) = plar---an)o ™ (po),

so by G-compatibility we have ¢~!(z) C U,,. On the other hand, we have constructed
1y so that 1, (p,) C Uy, so p’-equivariance of 1, and G-compatibility also show that
Yo (2) C U, O

Lemma 9.12. For any two distinct points z1,zo in (T, H), the sets
VYo (21),  Yp(22)

are opposite (in particular disjoint).

Proof. We know that for any distinct z1, 22 > 0, we can find v € T so that d(vyz1,v22) > . So,
since 1), is p’-equivariant, we just need to show that if 21,20 € O(T, H) satisfy d(z1,22) > 9,
then 9, (1) is opposite to 1, (22).

Let {a,}, {Bn} be G-paths respectively limiting to points z1, 2o € (T, H) with d(z1, 29) >
§, with corresponding vertex paths {v,,} and {w,}. By Lemma 9.11, we must have ¢~!(z;) C
Uy, and ¢~1(22) C Uy,, so under Assumption 9.7, we know that U,, and U, are opposite.
But then we are done since Lemma 9.11 also implies that 1, (21) C U,, and ¥, (22) C
Up, . O

9.4. The boundary set of the deformed representation. We define our candidate
boundary set A’ C G/P by
N= J 2.
2€0(T,H)
We then have an equivariant map
¢ N — 0T, H),

where ¢'(z) = z if © € ¢,/ (2). Lemma 9.12 implies that ¢’ is well-defined and antipodal.
It is necessarily both surjective and p’-equivariant, and its fibers are either singletons or
translates of the sets A}, for p € II.

It now remains to verify the properties of the candidate set A’ and the map ¢’ needed to
show that ¢’ is an EGF boundary extension.

Lemma 9.13. For every vertex v of G, the intersection A’ N U, is nonempty.

Proof. The construction in Section 6 ensures that every vertex of the automaton G has at
least one outgoing edge. In particular this means that for a given vertex v, there is an infinite
G-path whose first vertex is v. This G-path limits to a conical limit point 2z, and Lemma 9.11
implies that ¢,/ (z) is a (nonempty) subset of both U, and A’. O

Lemma 9.14. For any z € Z, we have ¢'~1(2) C V.

Proof. Recall that we used Proposition 6.15 to construct our automaton so that for any
z € Z, there is a G-path limiting to z with vertex path {v,} such that U,, C V. Then
Lemma 9.11 implies ¢/~1(z) C V. O
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Lemma 9.15. A’ is compact.

Proof. Fix a sequence y,, € A/, and let z, = ¢'(y,). Since O(I',H) is compact, up to
subsequence z,, — . We want to see that a subsequence of ¥, converges to some y € A’.
We consider two possibilities:

Case 1: x is a parabolic point. We can write x = g - p, where p € II. Let w be a parabolic
vertex with p,, = p, and consider the compact set K, C 9(I',H) — {p}, chosen so that
I,K,=0I,H)— {p}. If x, =z for infinitely many n, then y,, € A}, C A’, and we are done
since Al is compact by construction. So, assume otherwise, and choose =, € I', so that
Zn =Y, g e, € K,.

We have assumed (using Proposition 6.16) that the automaton G has been constructed
so that there is always a G-path limiting to z, whose first vertex v, is connected to w by
an edge (w,v,). Lemma 9.11 implies that ¢'~!(z,) lies in Uy, which is contained in C} by
definition.

Then using Proposition 9.10, we know that up to subsequence,

P ()¢ (zn) = 0 (1) (g )

converges to a compact subset of A;, which means that

1

Yn € 0'(9)0 (1) (v g )

subconverges to a point in p'(g)Aj,.

Case 2: x is a conical limit point. We want to show that any sequence in ¢'~!(z,) limits
to ¢'~1(x), so fix any € > 0. Using Corollary 7.12, we can choose N so that if {a,,} is any
G-path limiting to x, with corresponding vertex path {v,,}, then the diameter of

pl(al T aN)UUN+1

is less than e with respect to a metric on U,,. We fix such a G-path {a,,}. Then, we use
Lemma 5.17 to see that for sufficiently large n, there is a G-path {87} limiting to x,, with
Bi = a for i < N. Thus the Hausdorff distance (with respect to Cy, ) between ¢/~ *(z,,) and
@' ~1(x) is at most . Since ¢’ ~!(x,,) and ¢'~1(z) both lie in the compact set p’(a1)U,, C U,,,
this proves the claim.

O

Lemma 9.16. ¢’ is continuous and proper.

Proof. Since A’ is compact, we just need to show continuity. Fix y € A’ and a sequence
yn € A’ approaching y. We want to show that ¢’(y,,) approaches ¢'(y) = x.

Suppose otherwise. Since (T, H) is compact, up to a subsequence z,, = ¢'(y,,) approaches
z # x. Using the equivariance of ¢’, and cocompactness of the I'-action on distinct pairs in
O(T',H), we may assume that d(z, z) > ¢. For sufficiently large n, we have d(x, z,) > 0 as
well. Then, as in the proof of Lemma 9.12, by Assumption 9.7 we know that for any vertices
v,w in G such that U, contains 9, (z) and U, contains ¢, (zy,), the intersection U, N U, is
empty.

But by definition of ¢, we have

RS wp’ (-73) c Uy, UYn € ¢p’(zn) C Uy

for vertices v, w in G. This contradicts the fact that y,, — y. ]
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9.5. Extending the convergence action. We have constructed a surjective p’-equivariant
antipodal map ¢’ : A’ — 9(T",’H). To prove that p’ is EGF, we will apply Proposition 4.7,
so we need to define repelling strata C?, and check that they satisfy condition (C1*). For
each conical z € 9(T',H), let C. = Opp((¢’)~*(z)). We have already defined the strata
CI’, for parabolic p € II, so for arbitrary parabolic g, let g € T" so that ¢ = gp, and define
C; = p'(g9)C},. The choice of g does not matter since we have defined the sets C;, to be
I'p-invariant.

Lemma 9.17. The sets C, satisfy condition (C1%*); that is, for every z € (', H), we have
A—o¢7l(z)CCl.

Proof. For conical z € 9(I', H) this is immediate from antipodality. For parabolic points,
it suffices to show that the condition holds for p € II. Consider the compact set K, C
O, H) — {p} satistying I, K}, = (', ") — {p}. We observed in the proof of Lemma 9.15
that Cj, contains ¢'~!(K,). But then since C} is p/(I',)-invariant (by Proposition 9.10), we
have
§(T,) - 61 (K,) = 61O, H) — {p}) € C)
O

The final step in the proof of Theorem 1.4 is to show that conditions (C2-par) and (P-div)
in Proposition 4.7 also hold. Condition (C2-par) is immediate from Proposition 9.10, and the
equivariance in the definition of the strata C’[J for ¢ parabolic. Finally, to see that condition
(P-div) holds, observe that the relative quasi-geodesic automaton G, the map ¢’, and the
G-compatible system {U,} satisfy the hypotheses of Lemma 8.1. The conclusion of this
lemma gives us the desired condition. This concludes the proof of Theorem 1.4.

Remark 9.18. The definition of the set A’ and the map ¢’ immediately imply that the
fibers of the deformed boundary extension ¢’ : A’ — 9(I',’H) satisfy the conclusions of
Proposition 4.15: the fiber over each conical limit point is a singleton, and the fiber over
each parabolic point p is the closure of the accumulation sets of I'j-orbits in C}’,. So, we
obtain Proposition 4.15 by taking W to be the singleton {p}, and following the proof of
Theorem 1.4 (using C, for C}, throughout).

APPENDIX A. CONTRACTION DYNAMICS ON FLAG MANIFOLDS

Let V be a real vector space, and let A, be a sequence of elements of PGL(V). It is
sometimes possible to determine the global dynamical behavior of A4,, on P(V') by considering
the action of A,, on a small open subset of P(V'): if there is an open subset U C P(V') such
that A,,-U converges to a point in P(V'), then in fact there is a dense open subset U_ C P(V)
(the complement of a hyperplane) on which A,, converges to the same point, uniformly on
compacts.

A similar statement holds for the action of A4,, on Grassmannians Gr(k, V). These claims
can be proved by considering the behavior of the singular value gaps of A, as n — oc.

In this appendix we give a general result along these lines, where we take sequences of
group elements g, € G for a semisimple Lie group G with no compact factor and trivial
center, and consider the limiting behavior of g, on open subsets of some flag manifold G/ P,
where PT is a parabolic subgroup.

Proposition 3.6. Let g, be a sequence in G, and suppose that for some nonempty open
subset U C G/P™T, we have g, - U — {£} for € € G/P*. Then g, is P*-divergent, and has
a unique PT-limit point £ € G/PT.



60 THEODORE WEISMAN

We will prove Proposition 3.6 by reducing it to the case where G = PGL(d,R) and
PT = P is the stabilizer of [e;] € RP9~! ~ G/P;. In this situation, PT-divergence can be
understood in terms of the behavior of the singular value gaps of the sequence g,,:
Proposition A.1. Suppose that G = PGL(d,R), and let Pt = P, C G be the stabilizer of
a line in RY. A sequence g, € G is Py-divergent if and only if

o1(gn)
02 (gn)
where o;(gn) 1s the ith-largest singular value of g, .

— 00,

For convenience, we give a proof of Proposition 3.6 in this special case.
Lemma A.2. Let g, be a sequence in PGL(d,R), and suppose that for a nonempty open
subset U C RPY~L, ¢, U converges to a point in RP¥~1. Then, the singular value gap

01 (gn)
02 (gn)

tends to 0o as n — 0o.

Proof. Tt suffices to show that any subsequence of g, has a subsequence which satisfies the
property. Using the Cartan decomposition of PGL(d,R), we can write
gn = knank;a

for ky,k,, € K = PO(d) and a,, a diagonal matrix whose diagonal entries are oy, ...,04.
Up to subsequence k, and k], converge respectively to k, k' € K. For sufficiently large n,
kLU NK'U is nonempty, so by replacing U with k'U we can assume that &/, = id for all n.
Furthermore, if k,a,U converges to a point z € RP?~! then a,U converges to k~'z.

So, a,U converges to a point, and since a, is a diagonal matrix, the gap between the
moduli of its largest and second-largest eigenvalues must be unbounded. O

To prove the general case of Proposition 3.6, we take an irreducible representation
¢ : G — PGL(V) coming from Theorem 7.4, so that P™ maps to the stabilizer of a line ¢ in
V, P~ maps to the stabilizer of a hyperplane H in V, and gP*g~!, hP~h~! are opposite
if and only if ((g)¢, ((h)H are transverse. As in section 7, this determines embeddings
t:G/P = P(V)and *: G/P~ — P(V*) by

WgPT)=¢lg)t, " (gP7) =((9)H.

The representation ¢ additionally has the property that for any sequence g, € G, the

singular value gaps
a1(C(gn))/2(C(gn))
are unbounded if and only if g,, is P*-divergent (see [GGKW17], Lemma 3.7).

Proof of Proposition 3.6. By [Zim18], Lemma 4.7, there exist flags &1,...,&p € U so that
lifts of ¢(&;) give a basis of V. Since g, - U converges to a point in G/P, the set

{¢lgn) - (&) : 1 <i < D}
converges to a single point in P(V).

This means that we can fix lifts L(g}) € V so that, up to a subsequence, ((g,) takes the
projective (D — 1)-simplex

[Z X&)t N > 0] cP(V)

i=1
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to a point. This simplex is an open subset of P(V). Now we can apply Lemma A.2 to see
that the sequence g, is P*-divergent.

We now just need to check that ¢ is the unique PT-limit point of g,. Choose any
subsequence of g,. Then any PT-contracting subsequence g,, of this subsequence satisfies

gmloppe_) = 3

uniformly on compacts for some £ € G/P~ and ¢ € G/PT. But since Opp(£_) is open

and dense, it intersects U nontrivially and thus £ = €. ]
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