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ABSTRACT. We prove combination theorems in the spirit of Klein and Maskit in the con-
text of discrete convergence groups acting geometrically finitely on their limit sets. As
special cases, we obtain combination theorems for geometrically finite groups of isome-
tries of Hadamard manifolds with pinched negative curvature, and for relatively quasi-
convex subgroups of relatively hyperbolic groups.
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1. INTRODUCTION

When a group G acts by homeomorphisms on a compact metrizable space M, we say
G is a discrete convergence group if the induced action on the space of distinct triples in
M is properly discontinuous. Despite their simple definition, convergence groups carry a
considerable amount of structure. They arise naturally when considering actions of isometry
groups of negatively curved metric spaces on their ideal boundaries, and provide a way to
study discrete subgroups of isometries of these spaces from the perspective of topological
dynamics.

The action of a convergence group G on a space M is geometrically finite if every point
of the limit set of G in M is either a conical limit point or bounded parabolic point for the
action. Work of Bowditch [Bow12], [Bow95] implies that, if M is the boundary of a proper
geodesic negatively curved metric space X, and the action of G on M = 90X is induced by
an isometric action on X, then this definition essentially agrees with the usual definitions
of geometrical finiteness in this geometric context.

In this paper, we prove Klein-Maskit-type combination theorems for convergence groups
acting geometrically finitely on their limit sets. Our theorems give sufficient conditions for
geometrically finite subgroups of Homeo(M) to generate a geometrically finite convergence
group isomorphic to an amalgamated free product or HNN extension of the original groups.
Precisely, we prove the following two theorems:
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Theorem A. Let G1 and G2 be discrete convergence groups acting on a compact metrizable
space M. Suppose that J = G1 N Gy is geometrically finite, and G1 and Go are in AFP
ping-pong position with respect to J. Let G = (G1,G2) < Homeo(M), and suppose G is a
convergence group. Then the following hold:

(’L) GZGl *JGQ.

(ii) G is discrete.

(iti) Elements of G not conjugate into G1 nor Go are lozodromic.

(iv) G is geometrically finite if and only if both G1 and Gy are geometrically finite.

Theorem B. Let Gy be a discrete convergence group acting on a compact metrizable space
M, and suppose that J1,J_1 < Go are both geometrically finite. Let G = (f) be an infinite
cyclic discrete convergence group also acting on M, where fJ_1f~1 = Jy in Homeo(M).
Suppose Gq is in HNN ping-pong position with respect to f,J1 and J_1. Let G = (Go, G1) <
Homeo(M), and suppose G is a convergence group. Then the following hold:

(7,) G = Go*f.

(ii) G is discrete.

(iii) Elements of G not conjugate into Go are lozodromic.

(iv) G is geometrically finite if and only if Gy is geometrically finite.

The exact definitions of “AFP ping-pong position” and “HNN ping-pong position” are
given at the beginning of Section 4 and Section 6, respectively. They are versions of
the “ping-pong” configuration of limit sets required by Maskit’s combination theorems for
Kleinian groups (see [Mas88]).

1.1. Special case: M is the boundary of a negatively curved metric space. If X is
a proper geodesic metric space which is hyperbolic in the sense of Gromov, then any discrete
subgroup of Isom(X) acts on both the Gromov boundary 0X of X and the compactification
X UOX as a discrete convergence group [Tuk94]. In particular this holds if X is a Hadamard
manifold with pinched negative curvature, e.g. a rank-1 symmetric space of noncompact
type.

Theorem A and Theorem B both apply in this situation, meaning they imply combination
theorems for geometrically finite subgroups of rank-1 semisimple Lie groups. In particular,
in the special case M = 0Hp, Theorem A recovers a result of Li-Ohshika-Wang [LOW09],
who proved a version of Maskit’s combination theorem for amalgamated free products of
geometrically finite groups acting on real hyperbolic space of any dimension.

In [LOW15], Li-Ohshika-Wang also proved a version of Maskit’s HNN extension theorem
in arbitrary-dimensional real hyperbolic space. Theorem B is not strong enough to fully
recover this result, and both Theorem A and Theorem B fail to fully recover Maskit’s
analogous combination theorems for Kleinian groups. The reason is that we impose some
additional hypotheses on the relative positions of the limit sets of the subgroups we are
combining. See Remark 4.2 for more detail.

1.2. Combination theorems for relatively hyperbolic groups. Any relatively hyper-
bolic group acts as a convergence group on its Bowditch boundary, which means that Theo-
rem A and Theorem B also directly imply combination theorems for relatively quasi-convex
subgroups of relatively hyperbolic groups.

A number of combination theorems along these lines can be found in the literature; see
for instance [Git99], [MP09], [MPS12], [Yan12], [MM25]. The combination theorems given
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by these papers are all virtual: they provide conditions guaranteeing that certain finite-
index subgroups G}, G of relatively quasi-convex subgroups G, G2 generate a relatively
quasi-convex subgroup, isomorphic to an amalgam of G} and G5. In contrast, the results
in this paper give explicit conditions which can be used to verify that a particular pair of
relatively quasi-convex subgroups generates a relatively quasi-convex amalgam.

We can additionally contrast the combination theorems in this paper with abstract com-
bination theorems for relatively hyperbolic groups, which provide conditions that guarantee
that the fundamental group of some graph of relatively hyperbolic groups is also relatively
hyperbolic. Combination theorems of this type were originally proved for hyperbolic groups
by Bestvina-Feighn [BF92], and various generalizations have been given for relatively hy-
perbolic groups (see [Dah03], [Ali05], [MRO08], [Gaul6], [Tom22a], [Tom22b]).

We give special mention to the work of Dahmani [Dah03] (later generalized by Tomar
[Tom22a], [Tom22b]), because the method of proof is particularly relevant to the situation we
encounter in this paper. Dahmani and Tomar prove that an amalgam of relatively hyperbolic
groups is relatively hyperbolic by giving an abstract construction of an appropriate “limit
set” for the amalgam to act on. That is, their strategy is to directly construct the Bowditch
boundary of the amalgam, and then prove that the amalgam acts geometrically finitely
on this space. Indeed, an alternative approach to the proof of the combination theorems
given in this paper would be to show that the “limit sets” constructed in [Dah03], [Tom22al,
[Tom22b] appear embedded in the space M on which our subgroups all act. However, in this
paper we prefer a direct approach, which we feel is more self-contained and straightforward.

1.3. Possible generalizations: higher rank combination theorems. Dey-Kapovich-
Leeb [DKL19] have previously proved combination theorems for Anosov subgroups of higher-
rank Lie groups, along the lines of the combination theorems for hyperbolic groups proved
by Gitik in [Git99]. Anosov subgroups are discrete subgroups of higher-rank Lie groups
which generalize the dynamical behavior of convex cocompact groups in rank one.

More recently, Dey-Kapovich [DK23], [DK25] have proved sharper combination theorems
for Anosov subgroups, giving Maskit-type ping-pong criteria (analogous to the ones in this
paper) which guarantee that a pair of Anosov subgroups generates a larger Anosov subgroup,
isomorphic to an amalgam of the original groups. The Dey-Kapovich results also apply in
rank one, which means that they imply Theorem A and Theorem B in the special case where
M is the visual boundary of a rank-one symmetric space X and the subgroups generating
the amalgam G are all convex cocompact in Isom(X).

Unlike the Dey-Kapovich results, the theorems in the present paper do not apply directly
in the higher rank setting. However, at their core, our arguments only involve the topolog-
ical dynamics of an action by homeomorphisms on some space M, and do not rely directly
on geometric properties of any metric space bounded by M. Consequently, it is reasonable
to believe that our methods could be adapted to extend the work of Dey-Kapovich, and
prove combination theorems for discrete subgroups of higher-rank Lie groups with “geomet-
rically finite” dynamical behavior—for instance relative Anosov subgroups, or the extended
geometrically finite subgroups considered by the second author in [Wei22].

1.4. Combined actions which are not convergence actions. In both of our main
theorems, the requirement that the combined group G acts on M as a convergence group
does not follow from the other assumptions. Below we give an example which illustrates this
for Theorem A; a variant of the construction shows that the assumption is also necessary
in Theorem B.
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Consider a pair of loxodromic isometries g1, g2 € Isom(]HIﬁH), so that the cyclic subgroups
G1 = (g1), G2 = (g2) act on the ideal boundary OHpE"' ~ S™ as geometrically finite conver-
gence groups. One may choose g1 and gs so that they generate a Schottky group, meaning
that G1 and G5 are in ping-pong position. Thus, when viewed as a subgroup of Homeo(S"),
the group G = (g1, g2) is also a geometrically finite convergence group, identified with the
free product G; * Gs.

It is possible to slightly perturb the G-action on S™ in the space Hom(G, Homeo(S™)) so
that G and G both still act as geometrically finite convergence groups on S™ and are still in
ping-pong position, but the fixed points of the infinite cyclic subgroup (g1 g2) are “blown up”
to n-dimensional disks. When n = 1, it is straightforward to do this directly, and for general
n one may employ a construction of Bowden-Mann [BM22, Section 4]. This perturbed G-
action cannot be a convergence action, since the infinite-order element g;gs preserves a pair
of disjoint closed n-disks in S™ (and it does not subconverge to a homeomorphism of S™).
However, the action still satisfies all the other hypotheses of Theorem A. Note that in this
case, the assertion in part (iii) of Theorem A does not hold.

We observe that in this example, the action of G is still semi-conjugate to a convergence
action. We expect that this should hold under general conditions, and plan to explore this
further in future work.

1.5. Tools used in the proof. Although almost all of the arguments in this paper are
purely topological, we do use some metric geometry to prove a key technical result at the
end of Section 2. The proof of this proposition (Proposition 2.19) uses the following fact,
due to Yaman [Yam04]: if G is a geometrically finite convergence group acting on M, then
there is a proper d-hyperbolic metric space X where G acts by isometries, such that 0.X is
equivariantly homeomorphic to the limit set of G in M.

We use the coarse geometry of the space X, together with the convergence action of G on
M, to establish some further dynamical properties of the action of G on M. Specifically, we
prove that, when a subgroup J < G is fully quasi-convez, there is a way to modify sequences
(gr) in G\ J by elements of J, so that certain sequences of the form (grz) for z € M do not
accumulate on the limit set of J. Once we have established this dynamical fact, we apply
the conclusion repeatedly while working in M, and no longer need to reference the geometry
of any metric space.

1.6. Acknowledgements. Both authors would like to pay special thanks to Sara Maloni,
who initially suggested this problem and provided valuable feedback at every stage of the
project. The first author was partially supported by the NSF Graduate Research Fellowship
under Grant No. 1842490, as well as NSF grants DMS-1848346 and DMS-1839968. The
second author was supported by NSF grant DMS-2202770.

2. CONVERGENCE GROUP ACTIONS AND GEOMETRICAL FINITENESS

This section is mostly devoted to background related to convergence group actions. We
start by defining convergence groups and geometrical finiteness in Section 2.1 and Sec-
tion 2.2. In Section 2.3 we recall some background on relatively hyperbolic groups. At the
end of this section, we state and prove a key proposition (Proposition 2.19) about relatively
quasi-convex subgroups of geometrically finite convergence groups.

2.1. Convergence groups. We refer to [Tuk94], [Tuk98], [Bow99] for further background
on the material in this section.
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Definition 2.1. Let G be a group acting on a compact metrizable space M. We say the
action is a convergence action and call G a convergence group if, whenever (g ) is a sequence
of pairwise distinct elements in G, we can take a subsequence so that one of the following
two conditions is satisfied:

(1) The sequence (gi) converges uniformly to a homeomorphism g.
(2) There are points z;,z_ € M (not necessarily distinct) so that the maps g |an (-_3
converge to the constant map z — 2z, uniformly on compacts.

If G is a convergence group such that only the second condition occurs, we call G a discrete
convergence group and the action a discrete convergence action.

Remark 2.2. Note that when G < Homeo(M) is a convergence group, G is a discrete
convergence group if and only if G is a discrete subgroup of Homeo(M) with respect to
the compact-open topology on Homeo(M). So, if (gx) is a divergent sequence (that is, a
sequence which leaves every compact subset of Homeo(M)) in a discrete convergence group
G, then we can extract a subsequence so that the second condition above holds.

When M is a topological n-sphere, the definition of a convergence group is due to Gehring
and Martin [GM87], who observed that the isometry group of Hp always acts as a conver-
gence group on OHp. Gehring and Martin also showed (again when M is an n-sphere) that
a group G is a discrete convergence group if and only if the induced action of G on the space
of distinct triples in M is properly discontinuous; later Bowditch [Bow99] observed that the
same holds when M is an arbitrary compact Hausdorff space.

In the setting where M is compact metrizable, convergence groups were studied system-
atically by Tukia [Tuk94]. In particular Tukia showed that any group of isometries acting
properly discontinuously on a proper geodesic Gromov-hyperbolic metric space X acts as a
discrete convergence group on both the boundary X and the compactification X = X1190X
(see also Freden [Fre95]).

Definition 2.3. Following [Tuk94], if (gx) is a sequence in G < Homeo(M) such that the
second condition of Definition 2.1 holds without extracting a subsequence, then we say that
(gr) is a convergence sequence.

In this case, the (uniquely defined) points 2z, and z_ are respectively called the attracting
point and repelling point of the sequence (gi). It follows immediately that if (gp) is a
convergence sequence with attracting and repelling points zy, z_, then (g, 1) is also a
convergence sequence, with attracting and repelling points z_, z .

When G is a discrete convergence group, an arbitrary sequence of pairwise distinct ele-
ments in G is not necessarily a convergence sequence, but it always has a subsequence which
is.

One easy consequence of the definitions above is the following:

Proposition 2.4. Let (gx) be a convergence sequence in a discrete convergence group G
acting on a compact metrizable space M containing at least 3 points. If U is any open
neighborhood of the repelling point z_ of (gx), then (grU) converges to M in the topology
on closed subsets of M induced by Hausdorff distance.

Proof. If U = M the result is immediate, so assume that M \ U is nonempty. Then,
since M \ U is a nonempty compact subset of M \ {z_}, the set gp(M \ U) converges to a
singleton {zy}. So gxU eventually contains every compact in the complement of {z, }, and
must converge to the closure of M \ {z;}. In addition, since M contains at least 3 points,
there are distinct points 2,y € M so that (grz) and (gry) both converge to z,. This implies
z4 is not an isolated point of M and so the closure of M \ {z;} is M. O
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The set of attracting points (or equivalently, the set of repelling points) of sequences in
a discrete convergence group G acting on a space M is called the limit set of G in M, and
is denoted A(G). The limit set is always a closed G-invariant subset of M. In fact, if G is
neither finite nor virtually cyclic, then the limit set of GG is the unique minimal nonempty
closed G-invariant subset of M.

The complement of A(G) in M is denoted 2(G), and is called the domain of discontinuity
for G since (as in the setting of Kleinian groups) it is the maximal open subset of M on
which G acts properly discontinuously. Recall that a group G acts properly discontinuously
on a space X if for any compact K C X, the set {g € G | gK N K # &} is finite.

We say that a discrete convergence group G is elementary if |[A(G)| < 2; this turns out
to be equivalent to asking for [A(G)| to be finite. When G is non-elementary, one can also
view A(G) as the set of accumulation points of any G-orbit in M.

The classification of isometries in hyperbolic space also generalizes to a classification of
the elements of a group G acting as a convergence group on M:

Proposition 2.5 ([Tuk94]). Let G act as a convergence group on a compact metrizable
space M. Every g € G satisfies exactly one of the following:
e The closure of the cyclic group {g) is compact in Homeo(M), in which case we say
g is elliptic.
e g is not elliptic and g fixes exactly one point in M, in which case we say g is
parabolic.
e g is not elliptic and g fizes exactly two points in M, in which case we say g is
loxodromic.
Moreover, if g is parabolic or loxodromic, then (g") is a convergence sequence, and the set
of attracting and repelling points {z+} of (g") is precisely the set of fized points of g.

If G is a discrete convergence group, then the elliptic elements of G are precisely those
with finite order. The classification also implies that if G is a virtually cyclic discrete
convergence group, then G is elementary (but note that the converse need not hold).

2.2. Geometrical finiteness. When X is a Hadamard manifold with pinched negative
curvature, the geometrically finite subgroups of Isom(X) are certain subgroups G whose
coarse geometry interacts particularly well with the ambient geometry of X. Geometrical
finiteness was originally defined in real hyperbolic spaces of dimension 2 and 3, where the
definition concerned the existence of a well-behaved fundamental domain for the action of G
on X. This definition proved to be unsatisfactory in hyperbolic spaces of higher dimension
and in other negatively curved Hadamard manifolds, however.

In [Bow95], Bowditch gave several different definitions of geometrical finiteness for groups
of isometries of a Hadamard manifold X with pinched negative curvature, and proved that
they are all equivalent. One of Bowditch’s definitions (definition GF5), based on work of
Beardon and Maskit [BM74], can be expressed entirely in terms of the convergence action
of G on its limit set in 0.X, and therefore generalizes readily to the situation where G is a
convergence group acting on an arbitrary compact metrizable space M.

Before giving the definition we recall some essential terminology:

Definition 2.6. Let G be a discrete convergence group acting on a compact metrizable
space M.

i) A point € A(G) is a conical limit point if there is a sequence (gx) in G of distinct
elements such that for every z € M\ {z}, the pair (giz, gr2) stays inside a compact
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subset of (M x M)\ A, where A C M x M is the diagonal subspace. We will call
the sequence (gx) a conical limiting sequence for the point x.

i) A point x € A(G) is a parabolic point if it is the fixed point of a parabolic isometry
in G. A parabolic subgroup of G is the stabilizer in G of a parabolic point in A(G).
A parabolic point z is bounded if (A(G) \ {z})/Stabg(x) is compact.

Remark 2.7. Tukia [Tuk98] showed that no point in M can be both a parabolic point and a
conical limit point. By using the convergence group condition and extracting subsequences,
one can also see that a point x € M is a conical limit point if and only if there are distinct
points a,b € M and a conical limiting sequence (gi) in G such that (grx) converges to a
and (gry) converges to b for all y # x. The sequence (gi) is then a convergence sequence,
with z; =band z_ = =.

Furthermore, we could just as well ask that the defining condition for a conical limiting
sequence holds only for z € A(G) \ {z}, and then the discrete convergence dynamics imply
this also holds in Q(G).

Definition 2.8. Let G be a discrete convergence group acting on a compact metrizable
space M. We say that G is geometrically finite if every point of A(G) is either a conical
limit point or a bounded parabolic point.

Remark 2.9. Unfortunately, the standard definitions of “geometrically finite” in the geo-
metric and dynamical contexts do not exactly agree. According to the definitions in e.g.
[Bow12], [Dah03], a convergence group G acting on M is “geometrically finite” if every
point of M (not just of A(G)) is a conical limit point or bounded parabolic point. With
this convention, if X is a Hadamard manifold with pinched negative curvature, and G is a
geometrically finite subgroup of Isom(X) (according to the definitions in [Bow93], [Bow95]),
then the action of G on 90X is not a “geometrically finite convergence action” if A(G) is a
proper subset of 0.X.

In this paper, we adopt the convention that a convergence group acting on M is geomet-
rically finite if and only if it acts geometrically finitely (in the sense of [Bow12], [Dah03]) on
its limit set in M. So for us, when G acts by isometries on a hyperbolic space X, “geomet-
rically finite” means the same thing regardless of whether we consider the isometric action
on X or the induced action by homeomorphisms on 0.X.

We conclude this subsection with another simple but useful criterion which can be used
to guarantee that a point x € M is a conical limit point.

Lemma 2.10. Let G be a discrete convergence group acting on a compact metrizable space
M. LetY be a subset of M containing at least two points, let Ky, Ko be disjoint compact
subsets of M, and let x € M. If there exists a sequence (gi) of pairwise distinct elements of
G such that for all k we have grx € Ko and grY C K1, then x is a conical limit point for
G.

Proof. Since G is a discrete convergence group we can extract a subsequence so that, for
points z4 € M, the sequence (gi) converges uniformly to the constant map z; on compact
subsets of M\{z_}. In particular, for any y # z_, (gxy) converges to z;. Since Y contains at
least two points, it contains at least one point y not equal to z_. Then since gry € grY C K3
we must have z; € K. Since gyz € K3, (grx) cannot converge to z;, hence = z_. Then
for any y € M with y # x, (gry) converges to z;. The characterization of conical limit
points described in Remark 2.7 implies that = is a conical limit point. |
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2.3. Relatively hyperbolic groups. For most of this paper, we will only ever need to
work with the dynamical definition of geometrical finiteness given above. However, our
proof of one key technical lemma (Proposition 2.19) does rely on a geometric interpretation
of the definition, which is best understood via the connection between geometrically finite
groups and relative hyperbolicity. We refer to [Bow12], [Hrul0] for further background on
relatively hyperbolic groups.

The definition of geometrical finiteness we will use is given in Proposition 2.13 below.
As in the classical (Kleinian) case, the definition says that, if G is a geometrically finite
convergence group acting on a compact metrizable space M, then an appropriately defined
“convex core” for the G-action has a “thick-thin” decomposition into a compact piece and
some standard “cusps.” When M is the boundary of a d-hyperbolic metric space X, this
“convex core” can be defined via the following. For any closed subset Z of X, we adopt a
slight variant of notation due to Bowditch, and let join(Z) denote the union of all bi-infinite
geodesics in X joining distinct points in Z.

Proposition 2.11 (see e.g. [Bowl2|, section 5). Suppose that X is a proper geodesic §-
hyperbolic metric space, and Z C 0X 1is a closed subset containing at least two points. Then
join(Z) (with the metric induced by X ) is the image of a quasi-isometrically embedded proper
geodesic metric space, and its ideal boundary is precisely Z.

When G is a Kleinian group, join(A(G)) is within uniformly bounded Hausdorff distance
of the convex hull of the limit set of G, i.e. the minimal closed G-invariant convex subset
of ]HISR whose closure in ]HI?P’{ contains A(G). So in the general setting, we can think of the
quotient join(A(G))/G as a “convex core” for X/G.

The “cusps” in the quotient X/G are quotients of horoballs by certain subgroups of G.
We define horoballs below.

Definition 2.12. Let X be a d-hyperbolic metric space, and let r : [0,00) — X be a
geodesic ray. A horoball B in X centered at the point r(co0) € 90X is any sublevel set of the
Busemann function X — R defined by:

hglogf dx(r(t),x) —t.

__ Note that a horoball is always a quasiconvex subset of X. The closure of a horoball B in
X intersects 0X precisely at the center of B.

Proposition 2.13 (see [Bow12], section 6). Let X be a proper geodesic 6-hyperbolic met-
ric space and let G be an infinite discrete subgroup of Isom(X). Then the following are
equivalent:
o The induced action of G on 0X is geometrically finite in the sense of Definition 2.8.
o There exists a G-invariant system of pairwise disjoint horoballs B in X, such that
the stabilizer in G of each B € B is a parabolic subgroup, and G acts cocompactly
on the set
C(G,B) == join(A(G))\ | B
BeB
Moreover, if |A(G)| > 1, then for any G-invariant system of pairwise disjoint horoballs B
in X, the action of G on C(G, B) is cocompact if and only if the set of centers of horoballs
in B is precisely the set of parabolic points in A(G).

Proof. Since G is infinite and discrete, A(G) cannot be empty. If |[A(G)| = 1, then the first
bullet point is trivial because the unique point in A(G) is trivially bounded parabolic, and
the second bullet point is trivial because join(A(G)) is empty. So assume |[A(G)| > 1.
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The space Y = join(A(G)) is a taut hyperbolic metric space (i.e. every point in Y lies
within a uniformly bounded distance of a bi-infinite geodesic in Y'). Furthermore, horoballs
in Y (which can be viewed as a proper geodesic hyperbolic metric space via Proposition 2.11)
are at a uniformly bounded Hausdorff distance away from horoballs in X intersected with
Y. The result now follows from Proposition 6.12 and Proposition 6.13 in [Bow12] after
replacing X with Y. O

If |A(G)] > 1 in the situation above, then we say G is a relatively hyperbolic group, and
the stabilizers of horoballs in B are called the peripheral subgroups. We say G is hyperbolic
relative to the collection P of peripheral subgroups. We also say that any countably infinite
group G is hyperbolic relative to {G}, and that any finite group is hyperbolic relative to an
empty collection of peripheral subgroups.

In the special case where X is taut and A(G) = 0X, we say that X is a cusped space for
the data of the relatively hyperbolic group G and the peripheral subgroups P. If |A(G)| > 1
we can always find a cusped space by replacing X with join(A(G)). Note that our cusped
spaces are always proper, as part of the assumptions in Proposition 2.13.

The cusped space is in general not uniquely determined, even up to quasi-isometry.
However, its ideal boundary is a well-defined G-space once the peripheral subgroups of G
have been specified (see section 9 in [Bow12]). This space is called the Bowditch boundary of
G and we denote it G (the notation ignores the dependence on P). When P = {G}, then
the Bowditch boundary of G is defined to be a singleton, and when G is finite its Bowditch
boundary is empty.

When [0G| < 2, we say G is elementary. The Bowditch boundary of a non-elementary
relatively hyperbolic group is always perfect, i.e. it contains no isolated points. In particular
if |0G| > 3, then OG is infinite.

A result of Yaman shows that the action of G on its Bowditch boundary can actually be
used to completely recover the definition of G as a relatively hyperbolic group:

Theorem 2.14 ([Yam04]). Let G be a discrete convergence group acting on a perfect com-
pact metrizable space M. If every point of M is either a conical limit point or a bounded par-
abolic point (equivalently, if G is geometrically finite and A(G) = M ), then there is a proper
geodesic §-hyperbolic metric space X, an embedding G — Isom(X), and a G-equivariant
homeomorphism from M to 0X.

The theorem implies in particular that a geometrically finite convergence group is exactly
the same thing as a relatively hyperbolic group.

Remark 2.15. Some definitions of relative hyperbolicity explicitly require either the group G
or the peripheral subgroups in P to be finitely generated. We do not make this assumption
in this paper, since both Proposition 2.13 and Theorem 2.14 hold without it. Our setup
does always force the groups in P to be infinite, since they are parabolic subgroups of a
convergence group.

2.3.1. Accumulation in geometrically finite subgroups. Yaman’s theorem means that we can
always understand a non-elementary discrete convergence group GG which is geometrically
finite in the sense of Definition 2.8 using its isometric action on a cusped space X. In the
case |0G| = 0 or |0G| = 2, we can also find a cusped space by taking X to be either a point
or a line; if |0G| =1 and G is finitely generated, then we can take the cusped space to be a
“horoball” modeled on G (see [GMO8], [Hrul0]).

We take advantage of the existence of the cusped space to prove some properties of
subgroups of G which act geometrically finitely on A(G). A convenient notation we will use
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here and many times later whenever we have a group G acting on M is

HU)= ] gU

geH
for some U C M, H C G. For the orbit of a point, we will just write Hzx.

Definition 2.16. Let G be a relatively hyperbolic group, with Bowditch boundary 0G. A
subgroup H < G is relatively quasi-convexr if H acts geometrically finitely on 0G (i.e. if
every point of A(H) C G is either a conical limit point or a bounded parabolic point for
the H-action).

Following [Dah03], we say that a relatively quasi-convex subgroup H is fully quasi-convex
if for all but finitely many left cosets gH, we have gH (A(H)) N A(H) = @.

Observe that, if G is elementary, then any fully quasi-convex subgroup of G is either
finite or has finite index in G.

Lemma 2.17. Let G be a non-elementary relatively hyperbolic group with associated cusped
space X = X(G), and let H < G be a fully quasi-convex subgroup of G.
Fiz x € X, and suppose that (gi) is an infinite sequence in G\ H such that

(2.1) dx (gkz, ) = dx (grz, H)
for all k. Then no attracting point of (gx) in 0X lies in A(H).

Proof. Suppose for a contradiction that (gx) has an attracting point z € A(H) C 0X. It
follows that H is infinite, since A(H) is nonempty. Since G acts as a convergence group on
both X and X U0X, we see that (gpz) converges to z in X L 0X.

For each k, we let ¢ : [0,7,] — X be a geodesic ray in X from z to gx; since (gx)
is divergent we have rp, — co. We may extend each ¢ to a map [0,00) — X by setting
ek (t) = cp(rg) for all ¢ > ri. Since our cusped spaces are always proper, we can extract
a subsequence so that these maps converge uniformly on compacts to a geodesic ray c, :
[0,00) — X, whose ideal endpoint must be z.

By Proposition 2.13, there is a G-invariant family Bg of pairwise disjoint horoballs in X
such that the parabolic subgroups of G are precisely the stabilizers of the horoballs in Bg,
and the quotient of

(2.2) C(G,Bs)=X\ |J B
BeBg

by the action of G is compact. By shrinking the horoballs in B¢ if necessary, we can also
assume that z € C(G, Bg).

We claim that z is the center of some horoball B € Bg. If H is an infinite subgroup of
a parabolic subgroup P in G, this is immediate, because then the unique point in A(H) is
the center of the unique horoball in B fixed by P. Otherwise, A(H) contains at least two
points, and we can consider the space join(A(H)) C X.

Let By be the horoballs in Bg whose centers are parabolic points in A(H). By Proposi-
tion 2.13 again, H acts cocompactly on the set

C(H,By) == join(A(H))\ |J B.
BeBy
Since the endpoint of the geodesic ¢, lies in A(H), there is some constant R > 0 so that
every point in the image of ¢, lies within distance R of join(A(H)).

Now, suppose that for arbitrarily large ¢, the point ¢, (t) lies in an open R-neighborhood of
the set C(H, Byr). But then for some k = k(t), the point ¢ (t) also lies in an R-neighborhood



COMBINATION THEOREMS FOR GEOMETRICALLY FINITE CONVERGENCE GROUPS 11

of C(H,Bpg). Since H acts cocompactly on C(H,Bpg), this means that cg(t) is within
uniform distance of hz for some h € H. But this contradicts assumption (2.1).

So, for all sufficiently large times ¢, ¢,(¢t) must lie in some horoball in By. Since the
horoballs in By are pairwise disjoint, there is in fact a single horoball B € By so that ¢, (t)
is in the interior of B for all large enough ¢. The center of this horoball must be z.

Since (cy) converges to c., for all sufficiently large k, the geodesic ¢y enters B. However,
since we have assumed =z € C(G,Bg), we know that gyx € C(G,Bg), and thus ¢ must
also leave the horoball B after it enters it. So, let w; denote the last point where ¢ leaves
B. The distances dx (z,wy) must tend to infinity as & — oo, since ¢, never leaves B. See
Figure 2.1.

FicURE 2.1. Hlustration for the proof of Lemma 2.17. The geodesic cg
from z to grx must enter B, and leave B far from x.

Since ¢y, is a geodesic we know that dx (z, grr) = dx (x, wi)+dx (wg, grx). Then, because
dx (z,wy) tends to infinity, our assumption (2.1) implies that dx (Hz,wy) tends to infinity
as well. But, we also know that the stabilizer of B in G acts cocompactly on dB. Then
since wy € 0B, there is some constant D > 0 so that for every k, we have s; € G preserving
B such that dx(z, S,;lwk) < D, hence dx (sgx,wy) < D. It follows that the elements in the
sequence (sg) cannot lie in finitely many left cosets of H. However, since s; preserves B,
each sy also fixes the point z € A(H), which contradicts the full quasi-convexity of H. [

The geometric statement of the lemma above has the following (completely dynamical)
consequence:

Lemma 2.18. Let G be a relatively hyperbolic group with Bowditch boundary 0G, and let
J1, J2 be fully quasi-convex subgroups of G.

For any sequence (gi) in G, there exist sequences (ji
the sequence (jrgrji) has no attracting points in A(Jy)
A(JQ) C 0G.

) in Jy and (j;,) in Jo such that
C 0G and mo repelling points in

Proof. If g, € J1 U Ja, then we can choose ji and jj, so that jrgrjj is the the identity. A
bounded sequence has no attracting or repelling points. So, we may assume g € G\ (J1UJ2)
for all k.
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If G is elementary, then J; and Jo are both either finite or finite-index subgroups of G.
In this case the result is immediate, so we can assume G is non-elementary and let X be a
cusped space for G. Fix z € X. For each k, we choose ji € J1, j;, € J2 so that

dx (g5 (o), Jiz) = dx (grjre, ji ).
We know such jy, j;, exist because J;z are discrete subsets of X for i = 1,2. Let g, = jrgrir-
We will show that (g;,) has no repelling points in A(J2); the argument that (g;,) has no
attracting points in A(J1) is completely symmetric, after replacing (g;,) with its inverse.
Since jJ;x = J;x for any j € J;, we know that for all k& we have

dx(gpw,z) = dx (gpJoz, J12) = dx (g, J2x, J11).
By definition, we know that
dx (gpJar, Jix) < dx gy Ja, ) = dx (o, (91,) " ),
so combining this with the previous equality we conclude
dx (z, (g4)"'2) = dx (g2, @) < dx (S, (91,) ')
so in fact dx(z, (g},) " 'z) = dx(Joz, (g)) ') for every k. Then Lemma 2.17 implies that

((9%)~") has no attracting points in A(Jz), or equivalently (g;) has no repelling points in
A(Jz). O

Our main application of these lemmas is the technical proposition below. Roughly, this
proposition tells us that in certain circumstances, it is possible to strengthen the “ping-
pong” combinatorics of geometrically finite convergence groups. That is, the proposition
gives us a way to modify a “ping-pong” element g € Homeo(M), so that instead of nesting
the closure of an open subset U C M inside of another open subset V' C M, g takes the
closure of U inside of a fixed compact subset K C V. This “strong nesting” property will
be useful throughout the paper.

Proposition 2.19. Let G be a geometrically finite convergence group acting on a compact
metrizable space M, let H be a subgroup of G, and let Jy,Jo < H be fully quasi-convex
subgroups of G.

Let Uy,Us be open subsets of M such that, for i € {1,2}, we have J;(U;) = U; and
AH)\ A(J;) C U;. Suppose that for every g € H \ Ja, we have g(M \ Uz) C Uy.

Then, there exists a compact set K C Uy such that for all g € H \ Ja, we can find j € Jy
such that jg(M \ Us) C K.

Proof. Suppose that the claim does not hold. This means that we can find a sequence of
group elements (gx) in H \ Jo such that for any sequence (ji) in Jy, there is a sequence (zy,)
in M \ Us such that the sequence (jrgrxr) accumulates in M \ Uj.

Fix this sequence (g;). Lemma 2.18 gives a pair of sequences (j;) in Ji and (j;,) in Jo
so that any attracting points of the sequence (g;,) = (jrgrjj,) do not lie in A(Jz), and any
repelling points do not lie in A(Jy). Then, since U; is Jo-invariant, there is a sequence (zy,)
in M \ Uy so that (jrgrj,zr) accumulates in M \ U;. After taking a subsequence, we may
assume that (jrgrj,zx) has a unique limit z € M \ U;.

Again using the fact that U; and Uy are invariant under J; and Js respectively, we know
that for every k, we have g, (M \Us) C U;. So, if only finitely many different elements appear
in the sequence (g}.), we can find a fixed compact set K C U; so that g, (M \ Uz) C K for
every k, hence g,z € K for every k. This is impossible if g,z — z € M \ Us.

So, we may extract a subsequence so that the elements in (g},) are pairwise distinct. After
taking a further subsequence, we can find a pair of points z4 € M\ A(J1), 2— € M\ A(J3) so
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that (g;,) converges uniformly to the constant map z, uniformly on compacts in M \ {z_}.
Both of z1 lie in A(H), so in fact zy € Uy and z_ € Us.

Since M \ Uy is closed, z;, cannot accumulate on z_, which means (g;,zx) converges to
zy € Ur, which contradicts the fact that gjzi — 2. O

3. COMBINATORIAL GROUP THEORY: AMALGAMATED FREE PRODUCTS

Our first main result deals with amalgamated free products, so we set up the notation and
basic facts here. Our reference throughout is [Mas88]. As before, M will continue to denote
a compact metrizable space, although the results in this section are purely set-theoretic.
We further assume throughout this section that G1, G2 are subgroups of Homeo(M), and
G1 NGy = J, where J is a proper subgroup of both G and G3. We let G denote (G1, G2),
the subgroup generated by G; and Gs.

The following definition will be convenient in this section as well as later in the paper:

Definition 3.1. We say a subset U C M is precisely invariant under J in G if U is J-
invariant, and for every g € G\ J, we have gUNU = &.

More generally, given subgroups Ji,- -, J, < G, we say a tuple of subsets (Uy,---,U,)
is precisely invariant under (Jy,---,Jy,) in G if each Uj; is precisely invariant under J; in G,
and if for ¢ # j and for every g € G, we have gU; NU; = @.

Given a word g = g1 - - - g,, in the elements of G; and G4, we call g a normal form when
the elements g; alternate between G\ J and G2\ J. We say two normal forms g = g1 - - - g5,
and h = hy - - - h, are equivalent if g can be obtained from h by inserting finitely many words
of the form jj~! for j € J (i.e. by replacing h; with h;j and h;; with j7'h;; for some
index 7). We set

G1 x5 G2 = J U {equivalence classes of normal forms}.

We have a group operation on Gy *; G5 given by concatenation, which is well-defined on
normal forms up to equivalence. The abstract group G; *; G2 is called the free product of
G1 and Gy amalgamated over J.

The normal form g = g1 - - - gy, is called an (4, j)-form if g1 € G; and g,, € G,. The length
of the normal form is defined as |g| = n. By convention, we will say that elements of J have
length 0. Note that if g is an (i, j)-form, then its formal inverse g~! is a (j, )-form.

There is group homomorphism

Lp:Gl*JGQ—>G
g1 Gnt> g1 0 0gn,

where on the right we are just composing the corresponding elements in Homeo(M). This
map is always surjective, but its kernel need not be trivial. When ¢ is an isomorphism, we
will abuse notation and leave it implicit, writing G = G *; G2; then we can view elements
of the subgroup G as (equivalence classes of) normal forms in the abstract amalgamated
free product G; x5 Gs.

Using a ping-pong technique (Proposition 3.6 below), we can give a sufficient condition
which guarantees that ¢ is actually an isomorphism.

Definition 3.2. A pair of disjoint nonempty J-invariant sets Uy, Us C M is called an
interactive pair for G1 and Gy if for every g € G; \ J, we have gU; C Us_;.

If, in addition, gU; C Us_; is a proper inclusion for every g € G; \ J for at least one of
1 € {1,2}, then we call (U1, Us) a proper interactive pair.
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Remark 3.3. Maskit’s convention is to call an interactive pair Uy, Us proper if the G-
translates of U; do not cover Us_; for at least one i € {1,2}. Our assumption is slightly
weaker, but does not change any of the standard arguments.

It is immediate that if (U7, Us) is an interactive pair, then U; is precisely invariant under
J in G; for i =1,2.
We observe the following:

Proposition 3.4. If (Uy,Us) is a proper interactive pair for G and G, then both Uy and
U, are infinite sets.

Proof. Since J is a proper subgroup of G; for i = 1,2, there is at least one element g; € G1\J
and at least one element go € Gy \ J. We know that at least one inclusion ¢1U; C Us or
g2Us C Uy is proper, so gog1U; is a proper subset of U;. Therefore U; is infinite, and since
91U1 C Us, so is Us. O

Via the map ¢, normal forms in G1 *; G2 act in a “ping-pong” manner on the sets in an
interactive pair.

Lemma 3.5 (See [Mas88, VII.A.9]). Suppose we have an interactive pair (Uy,Us). Then if
g € Gy x5 Gy is an (i, j)-form, we have ©(g)U; C Us—_;. Further, this inclusion is proper if
(Uy,Us) is proper and |g| > 2.

The lemma may be proved by a straightforward combinatorial argument. To illustrate
the idea, suppose the G1-translates of Uy are all properly contained in Us, and that g has
length 2. If ¢ = g1g92 is a (2,1)-form, then go(U;) C Us is already proper, and hence
»(g)U; C Uy is also a proper inclusion. If g is a (1,2)-form, then goUs C Uy need not be a
proper inclusion, but then applying ¢; will cause the next inclusion ¢(g)Us = g1g2Us C Us
to be proper.

Proposition 3.6 (Ping-pong for amalgamated free products; see [Mas88] VII.A.10). Sup-
pose (U1,Us) is a proper interactive pair for G1 and Go. Set G = (G1,G2). Then G =
G]_ * g GQ.

Proof. We will show the surjective group homomorphism ¢ : Gy x5 Go — G has trivial
kernel. The only length 0 element sent to the identity is the identity, and length 1 elements
are all nontrivial in G; or Ga, so it suffices to show ¢(g) # 1 when |g| > 2. Suppose g is an
(1, 7)-form. We now note that because we have a proper interactive pair, ¢(g)U; C Us_; is a
proper inclusion by Lemma 3.5, and so ¢(g) cannot be the identity. The result follows. O

4. THEOREM A
‘We now introduce the main definition for Theorem A.

Definition A (AFP ping-pong position). Let G; and G act as discrete convergence groups
on a compact metrizable space M, and suppose that G; N Gy = J is a geometrically finite
group distinct from both G; and G3. We say G and Gy are in AFP ping-pong position
(with respect to J) if there exist closed sets By, By C M with nonempty disjoint interiors
satisfying the following:

(1) For i € {1,2}, B; is J-invariant.

(2) For i € {1,2}, and for each g € G; \ J, gB; C Int(B3_;).

(3) For i€ {1,2}, A(G;) \ A(J) C Int(B3—_,).

(4) For i € {1,2}, Int(B;) is a proper subset of B;.
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The definition above for the most part mimics the setup in Maskit’s original combination

theorem for amalgamated free products of Kleinian groups. It may be helpful to consider
the following concrete example.

A(J) = {0, 00} 00

FIGURE 4.1. Tllustration for the example. The limit sets A(G;) are Cantor sets.

Example 4.1. Let X = H, and let M be the visual boundary dHg, viewed as the one-
point compactification C of C. We let G be a Fuchsian genus 2 surface group, embedded
in PSLy(C) 2 Isom(H?) via the inclusion PSLy(R) < PSLy(C).

Then G has the presentation (a,b,c,d | [a,b][c,d] = 1). Set j = [a,b] = [¢,d]™t. We
then take G; = (a,b) & F5, and G2 = {(¢,d) = Fj, the free group on 2 letters, and
J =G NGy = (j) = Z. We can arrange our generators so A(G1) C R>o U {oo} and
A(G2) C R<gU {0}, where A(J) = {0, 00}. These will be the fixed points of j = (z — Azx)
where A > 1. See Figure 4.1.

This is precisely the picture one gets when gluing the sides of an octagon in H% to form
a surface of genus 2, and then isometrically embedding this picture into the standard Hg
sitting inside H?ﬁ whose boundary is R U {oco}. The limit set of the surface group coincides
with OH%, and then the octagon with sides identified appears once in each connected com-
ponent of OHy, \ OH%. Our J-invariant sets By and Bs are then the closed left and right
closed half-planes respectively, including oo, and their common intersection is iR U oco. If
we identify C with 52, then B; and B, are complementary hemispheres.

We recall the main result of this section:

Theorem A. Let G1 and G2 be discrete convergence groups acting on a compact metrizable
space M. Suppose that J = Gy N Gy is geometrically finite, and G1 and Go are in AFP
ping-pong position with respect to J. Let G = (G1,G2) < Homeo(M), and suppose G is a
convergence group. Then the following hold:

(7,) G:Gl*JGQ.
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(ii) G is discrete.
(i1i) Elements of G not conjugate into G1 nor Gy are loxodromic.
(iv) G is geometrically finite if and only if both G1 and Go are geometrically finite.

Remark 4.2. The hypotheses for Theorem A are different from the hypotheses for Maskit’s
original combination theorems in ]HI3R in two respects. First, Maskit assumes that the sets
Bi, By in Definition A are closed topological balls in M = 9Hg, satisfying 9B; = 0B and
B1 U By = M. This requirement is unnatural in our setting, since M may not even be a
manifold, and can be replaced with condition (4).

Second, and more significantly, Maskit’s version of condition (2) in Definition A is weaker
than what we have given here. Our condition implies in particular that if g € G; \ J, then
gB; N B; = @. This means that if P < J is a maximal parabolic subgroup in J, then P
must also be a maximal parabolic subgroup in Gj;.

Maskit’s original statement in Hy, allows gB; to intersect B; in limit points of J, which
means his theorem allows for amalgamations along subgroups J < G; whose parabolic
subgroups are not maximal in G;. This means our theorem is not strong enough to recover
Maskit’s original result in the case M = GHSR. However, most of the examples constructed
in Maskit’s book satisfy the stronger hypothesis we have given above.

Below, we give a quick proof of the first three parts of Theorem A. The arguments are
standard, but we provide them for convenience.

Proof of (i) - (iii) in Theorem A. (i) Let By, Ba be the closed subsets of M from Definition
A. We note that since ¢B; C Int(Bs_;) for any g € G; \ J, it follows from condition (4) in
Definition A that ¢gInt(B;) C Int(Bs_;) is a proper inclusion for every g € G; \ J. Hence
(Int(By),Int(Bsy)) form a proper interactive pair for G; and G5 by conditions (1) and (2),
so we are done by Proposition 3.6.

(ii) It suffices to show no sequence in G accumulates at the identity. Let (gx) be a
sequence of distinct elements in G. Since G1, Go are discrete we can assume |gg| > 1. If the
length of g is odd, then g maps one of the sets By, Bo into the interior of the other and
hence is far from the identity, so assume the lengths are all even. Without loss of generality,
we may assume every gi is a (2, 1)-form. We have g5 B; C Int(Bj) for every k.

Suppose for a contradiction that (g) converges to the identity. Then giB; converges to
B,. Write gy = hygj, where |g;,| = |gx] — 1 and hy € G2\ J. Then gy By C hiBs C Int(B1)
for every k since g, B1 C Bs. It now also follows that (hyB2) converges to Bi. Now, in
general, when g, h € G2 \ J, we will have gBs and hBs either disjoint or equal. Indeed, if
9By N hBy # @, then h™'g sends a point in By back into B, hence h~'g = j € J. Then
gBs = hjBy = hBs as desired.

Since h1Bs C Int(B;) has nonempty interior and hiyBy C Int(B;) converges to By, it
follows that for some fixed large k, we will have hy By N hy By # &, and also hyBs # hyBs.
This gives our contradiction, so we conclude G is discrete.

(iii) Assume g € G is conjugate into neither G; nor Go. Take g to have minimal length
in its conjugacy class. If g is an (i,)-form (that is, |g| is odd) then we can conjugate by
an element of G; to reduce its length, hence g has even length. Without loss of generality
suppose ¢ is a (2,1)-form. By inducting on the length of g, one can use condition (4)
in Definition A (as in the proof of part (i)) to see that gBj is a proper subset of Bj.
Consequently, g™ B; is a proper subset of B; for every n, and so g has infinite order. Thus,
g is parabolic or loxodromic since G is discrete. At least one fixed point of g is an attracting
point z, for the convergence sequence (¢g"™) (see Proposition 2.5). By Proposition 3.4, B,
is infinite, so there is some w € Bj so that g"w — z;. But for every n > 1, the set ¢"B;
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is a subset of the fixed compact set gB; C Int(B;), so we must have z € Int(B;). An
identical argument applied to g=* (a (1,2)-form) gives a fixed point for g in Int(Bs), hence
g is loxodromic by Proposition 2.5. ]

4.1. Limit sets of amalgamated free products. The rest of the section is devoted to
the proof of part (iv) of Theorem A, so for the rest of the section, we fix groups G1,Gs, J,G
and sets By, Bo C M satisfying the conditions of Definition A. We will assume for the rest
of the section that J is a proper subgroup of both GG; and Gs, since otherwise the theorem
is trivial. We will prove each direction of the theorem separately, but we start by making
some general observations about the positioning of the limit sets of subgroups of G.

Proposition 4.3. Each of the following holds.
(i) A(J) C OBy NOBy. In particular, if J is infinite, then 0By N JBy is nonempty.
(Z’L) Fori e {172}, A(G/,) C Bg_i.
(i1i) Fori e {1,2}, and any g € G\ G;, we have g(A(G;)) N A(G;) = 2.

Proof. (i) Note that since J preserves the closed set B; and Int(Bj;) is an infinite set by
Proposition 3.4, we have A(J) C B;. Similarly, A(J) C By, hence A(J) C By N By =
0B1 N 0B; since these sets have disjoint interiors.

(ii) This is an immediate consequence of condition (3) in Definition A along with (i)
above.

(iii) Without loss of generality assume that ¢ = 1, and let g € G\ G;. In particular g ¢ J,
so ¢ has a normal form with positive length. We can always find some h,h’ € G; so that
g = hgh' is a (1,2)-form. Then, applying (ii), we know that ¢’A(G;1) C Int(B;) and so

d NG NAG)) = 2.
Now, since A(G1) is invariant under Gy, we see that ¢’A(G1) = hgA(G1), and therefore
hgA(G1)NA(Gh) = @.

But then h=!(hgA(G1) N A(G1)) = gA(G1) N A TA(Gy) = gA(G1) N A(Gy) is empty as
well. ]

4.2. AFP ping-pong and contraction. Both directions of the proof of Theorem A rely
crucially on a key contraction property of the ping-pong action of G on the sets B; and
Bs, stated as Lemma 4.6 below. This contraction lemma gives a sufficient condition for a
sequence of sets (giB;) to converge to a singleton in M.

The proof of the contraction lemma relies on an application of Proposition 2.19 to the
subgroups we are currently considering. Recall that this proposition gives us control over
the topological behavior of the action of fully quasi-convex subgroups on certain subsets of
M. So, in order to apply the proposition, we first need to check:

Lemma 4.4. Let H be one of G,G1, or Go. If H is geometrically finite, then J is a fully
quasi-convexr subgroup of H.

Proof. We know J is relatively quasi-convex since it acts on M as a geometrically finite
convergence group, so we just need to prove that for all but finitely many h € H \ J we have
hA(J) N A(J) = @. In fact, we will see that this is true for all h € H\ J.

First, if H = G; for ¢ = 1 or 2, by assumption we know that for any h € H \ J we
have hA(J) C hB; C Int(Bs_;), hence hA(J) N A(J) = @ by part (i) of Proposition 4.3. If
H = @G, then any h € H\ J is an (4, j)-form, so that hA(J) C hB; C Int(Bs_;) and again
hA(J)NA(J) = 2. |
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Now, we can specialize Proposition 2.19 to the current setting.

Lemma 4.5. Suppose that either G is geometrically finite, or both G and G2 are geometri-
cally finite. Fori € {1,2}, there exists a compact K; C Int(Bs_;) so that for any g € G;\ J,
there is j € J so that jgB; C K;.

Proof. This follows directly from Proposition 2.19, taking the ambient geometrically finite
group G to be either G or G; for i € {1,2}, H to be G;, J; = Jo = J, Uy to be Int(B3_;),
and U, to be M \ B;. By assumption we know that A(G;) \ A(J) C Int(Bs_;) C M \ B;, so
in fact A(G;) \ A(J) C Uy NUs and the hypotheses of the proposition are satisfied. O

Finally, we can establish the contraction property for sequences in G.

Lemma 4.6 (Contraction for amalgamated free products). Suppose that either G is geomet-
rically finite, or both G1 and Ga are geometrically finite. If (hy) is a sequence of (i, 7)-forms
(for fized i and j) lying in distinct left cosets of J, then, up to subsequence, (hxBj) converges
to a singleton {x}.

It is not hard to verify directly that the subgroup {g € G : gB; = B;} is exactly J. So,
asking for the sequence of cosets (hyJ) to be pairwise distinct is equivalent to asking for the
sequence of translates (hyB;) to be pairwise distinct.

Proof. We first prove the following:

Claim. There exists a compact subset K C Int(Bs_;) and a sequence (ji) in J such that
Jxhy'B; C K for all k.

To prove the claim, first observe that if |hg| = 1 for every k, then ¢ = j and hy, € G;\ J for
all k. Then the claim follows directly from Lemma 4.5. Otherwise, suppose that |hx| > 1,
and write a normal form for hy:

hie = gk1 " Gk

Although n can depend on k, we ignore this in the notation. The word h;l = g,;i X g,;%
is a (4, 1)-form, and the word

e | -1
Gknhy~ = Ien—1"""9k1

is a (3 — j,i)-form. This means that gy ,h, ' B; C B;j. Then, we can apply Lemma 4.5 again
to find a fixed compact K C Int(Bs_;) and ji € J so that jkg;;Bj C K for every k, and
therefore

Jehy Bi = jrgj b Gkmhy, ' Bi C jrgi nBj C K.

This proves the claim, so now we consider the sequence (hg jk_l). Since the left cosets hgJ
are all distinct, it follows that the sequence of group elements (hyj, 1) is divergent in GG, and
therefore we can extract a convergence subsequence: we can find attracting and repelling
points zy,z_ € M so that (hkjlgly) converges to z; whenever y # z_. Equivalently,
(jkhgly) converges to z_ whenever y # z, .

By Proposition 3.4, the set B; is infinite, so there is at least one point y € B; \ {z4}.
Since jkh;lBj C K, we must have z_ € K. In particular, z_ must lie in Int(B3_;), which
means that B; is a compact subset of M \ {z_}. Thus, (hj, 'B;) = (hxB;) converges to
the singleton {z;} as desired. O
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4.3. Geometrical finiteness of the product. We now turn to the proof of the implication
(Gy and G9 geometrically finite) — (G geometrically finite), which is one direction of
Theorem A (iv).

The proof of this direction of the theorem relies on the fact that limit points of G fall into
one of two classes: either they are G-translates of limit points of G; or Ga, or else they are
limit points of sequences of (i, j)-forms in G whose length tends to infinity. The essential
step in the proof is to show that any limit point x of the latter form can be “coded” by a
sequence of nested translates of By or Bs.

Precisely, we prove the following:

Proposition 4.7 (AFP coding for G-limit points). Suppose that G1 and Gy are geometri-
cally finite, and let x be a point in A(G)\ G(A(G1) UA(G2)). Then there exists a sequence
(9x) in (G1UG2) \ J so that for every k,

he = g1 gk
has length k, and if g, € G, then x € h;B;.

To prove this proposition, we follow Maskit’s strategy, and consider a sequence of “ping-
pong” sets in M, defined inductively as follows. We let Ty = B; U By. Then, for every
n >0, and i € {1,2}, we define

Tn,i = U g(Bz N Tn—l)-
geGi\J
Then we define
T, = Tn,l ) Tn,2~

The set 77 is just the union of the Gp \ J translates of By and the G5 \ J translates of
Bs. More generally, T, is the union of translates of By by (i, 1)-forms of length n and the
translates of By by (i, 2)-forms of length n. See Figure 4.2 for a depiction of T and T>. We
see that these sets are decreasing, so let

T = ﬁ T,.
n=0

We will see that limit points of G which are not translates of limit points of G nor G5 are
in T, which allows us to construct the sequence given by the conclusion of the proposition
above.

We observe:

Lemma 4.8. The set T' is G-invariant and nonempty. In particular, since G is non-
elementary, we have A(G) CT C By U Ba.

Proof. To see that T is nonempty, observe that since we have assumed J is a proper subgroup
of both G; and G, there exists a sequence (gx) in G1 UG3 such that for all n > 1, the word

hn = 9192 g2n

is a (2,1)-form of length 2n. By construction, for each n > 1, we have h,11B; C h,Bj.
Thus, the sequence (h,Bj) is a nested sequence of nonempty closed subsets of a compact
space, so the intersection ﬂle hn, By is nonempty. But, since h,,B; lies in T,, for every
n > 1, this intersection is also a subset of T" and therefore 7" is nonempty.

It remains to show that T is G-invariant. The definition of T, implies that if z € T,, and
g € G1 UGy, then gz € T,,_1. Inductively, we see that if g € G has |g| = k, and = € T, 14,
then gz € T,,. It follows that if x € T then gx € T for any g € G. |
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FIGURE 4.2. Part of the sets T7 and T5.

Lemma 4.9. If G1 and Gy are geometrically finite, we have A(G)\ (A(G1) UA(G2)) C T1.

Proof. We will prove that if y € A(G) \ T1, then y € A(G1) U A(G2), so suppose that
y € A(G) does not lie in T;. Using the above lemma, we know y € By U Ba, so without loss
of generality assume y € Bs. Since y is in the limit set of G, we can find a sequence (gi) in
G and a point y_ € M so that (grw) converges to y for all w € M\ {y_}. If y € A(J) we
are done, so we can assume that g, ¢ J for infinitely many k.

Then, after extracting a subsequence, we can assume that for every k, g, is an (i, j)-form
for i,j fixed. As B, is infinite (by Proposition 3.4), there is some w € B; with w # y_,
hence grw — y.

Since gy is an (4, j)-form and w € Bj, we have gyw € G;(B;) for every k. So, we may
write grw = gp.zi for g; € G; \ J and z, € B;. Note that g}, is just the first letter in the
(i, j)-form gi. In particular, we know g; z, € Ti for every k, so g zx is never equal to y.
If, up to subsequence, there are only finitely many distinct translates g B;, then we would
have gz € J g5 Bi, a compact set in the complement of 77, which contradicts the fact that
g2k — y € T1. Hence we may assume that the translates g}, B, are all distinct, which means
that the left cosets g;.J are all distinct.

Now, Lemma 4.6 implies that (g}, B;) converges to a singleton. This singleton must be y
since gjzr — y. It follows that g,z — y for any z € B;, and since B; is an infinite set it
follows that y € A(G;) as desired. O

Proof of Proposition 4.7. We first claim that A(G) \ G(A(G1) UA(G2)) is a subset of T'. So,
fix z € A(G), and suppose z ¢ T. We will show z € G(A(G1) U A(G2)).

By Lemma 4.8 we know that A(G) C By U By = Ty, so there is some n > 0 such
that z € T,,—1 \ T,. In particular, because z € T,_1, there is an (i, j)-form ¢ € G, with
lg] = n — 1, such that gy = z for y € B;. We must have y ¢ T3, since otherwise we would
have y = hw for w € Bs_; and h € G3_; \ J, and then z = ghw would lie in T,,. Then,
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since A(G) is G-invariant we see that y € A(G) but y ¢ T1, so by the previous lemma we
have y € A(G1) UA(G2), hence z € G(A(G1) U A(G2)).

We have now seen that A(G) \ G(A(G1) U A(G3)) is a subset of T, so we just need to
show that for any « € T, there is a sequence of (i, j)-forms (hy) satisfying the conclusions
of the proposition. We construct this sequence inductively. Take hq to be the identity. For
k >0, assume that « € hy_1 B; for an (i, j)-form

he—1 =91 g1
By Lemma 4.8, T is G-invariant, so hgﬁlx € B; NT. In particular, h;ﬁlx lies in Th N B; =
T ;, so there is some g, € G3_;\ J so that h,;_llx € giBs_;. Then if hy, is the (4,3 — j)-form

g1 Gk,
we have x € hy(Bs—;) and |hi| = |hi—1| + 1, as required. O

The next step is to use the “coding” of limit points given by Proposition 4.7 to prove
that there is a conical limit sequence for every point in A(G) \ G(A(G1) U A(G2)).

Lemma 4.10. If G; and Gy are geometrically finite, every point in A(G)\G(A(G1)UA(G2))
is a conical limit point for G.

Proof. Let z € A(G) \ G(A(G1) U A(G2)). We know = € B; U By from Lemma 4.8, so
to simplify notation assume x € By. We let (gi) be the sequence in (G; U G2) \ J from
Proposition 4.7, so that, for every k, we have |g1---gx| = k and if g, € G;, then = €
g1 gk Bj.

For each k, we let hy = g1---gak, so that hy is an (¢,j)-form for fixed ¢ # j. Since
hiBj C Int(Bs_;), and « € By, we have ¢ = 1 and thus hy, is a (1, 2)-form for every k. This
means that (gox) is a sequence in Ga \ J. So, using Lemma 4.5, we find a fixed compact
subset K C Int(B;) and a sequence (ji) in J so that jig;, Bs C K.

Consider the sequence (f;) given by fi, = hxj; '. Since | fx| — oo, a subsequence of (f, ')
consists of pairwise distinct elements of G. Since f, ! is a (2, 1)-form, we know that

fi'B1 =gy 97 ' Bi C K.
On the other hand, by construction, we know that
h;lx = g;kl .- ~gf1x € B,.

Since Bs is J-invariant, we also see that f,;lx = jkhglx € By for every k. By Proposi-
tion 3.4, Int(By) is an infinite set. Then, since By and K are disjoint compact subsets of
M, we can apply Lemma 2.10 (with Y = Int(By), K1 = K, and Ko = Bs) to complete the
proof. O

Next we deal with parabolic points.

Lemma 4.11. If both G and G5 are geometrically finite, then every parabolic point of G
in A(G1) U A(G2) is a bounded parabolic point for the action of G on A(G).

Proof. Fix a parabolic point p € A(G1), and let P < G be the parabolic subgroup stabilizing
p; part (iii) of Proposition 4.3 implies that P is the same as the stabilizer of p in G;. We will
show that there is a compact set K C A(G) \ {p} so that P(K) = A(G) \ {p}, which implies
the action of P on A(G)\ {p} is cocompact. The main idea here is to apply Proposition 2.19
to the parabolic subgroup P, which gives us a way to use elements of P to position certain
points in M far away from A(P) = {p}. Our strategy is to decompose the set A(G) \ {p}
into pieces. We will show that every point in A(G) \ {p} is either far away from p to begin
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with, or else it is in a piece of A(G) \ {p} which can be translated far away from p using
either Proposition 2.19 or the boundedness of p in A(G1).

‘We consider two cases. For both cases, in order to apply Proposition 2.19, we need to know
that J and P are fully quasi-convex subgroups of Gy; for J this follows from Lemma 4.4,
and for P this is true because P is exactly the stabilizer of its limit set {p} C A(G1) in G;.

Case 1: p € A(G1)\ G1(A(J)). Using Lemma 4.9, we can see that every point in A(G) \ {p}
lies in one of the sets A(G1), A(G2), or T;. Since A(G3) C By, and 71 C By U By, this means
that every point in A(G) lies in one of the sets

L1 :A(Gl), LQZBl, L3 :Tl ﬂBg.

Now, for each i = 1,2, 3, we will find a compact set K; C M \ {p} so that P(K;) contains
(A(G)\{p})NL;. Then we can define K = (K;UK2UK3)NA(G), so that P(K) = A(G)\{p}.

Since we have assumed that G is geometrically finite, p is a bounded parabolic point for
the action of Gy on A(G1). Since A(G1) is locally compact, and P < G, we already know
that there is a compact K1 C A(G1) \ {p} so that P(K7) = A(G1) \ {p}. And, by part 3 of
Definition A, we know p € Int(Bs), so B; is already a compact subset of M \ {p} and we
can take Ky = By. So, we just need to construct the compact set Kj.

For this, we apply Proposition 2.19, with G = H = Gy, J1 = P, Jo = J, Uy = M \ {p},
and Uy = M \ By. To verify that the hypotheses of the proposition are satisfied, we need
to check that gB; € M \ {p} for every g € G1 \ J. But, since A(G1) is Gi-invariant we
can only have p € gB; if g7'p € By N A(G1) = A(J), which is impossible since we assume
p € A(G1) \ G1(A(J)).

So, we know there is a compact subset K’ C M \ {p} so that for any g € G; \ J, we can
find h € P so that hgB; C K’. But by definition, any y € Ty N By lies in (G1 \ J)(B1), so
we can take K3 = K’ and we are done.

Ks

FIGURE 4.3. The sets K, K», and K3 proving that p € A(G1) is a bounded
parabolic point (Case 1).
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Case 2: p € G1(A(J)). Since G acts by homeomorphisms on A(G) it suffices to consider
the case p € A(J). For this case, we again use Lemma 4.9 to see that every point in A(G)
lies in one of the three sets

L1 = A(Gl), L2 = A(Gg), L3 = Tl.

As in the previous case, for each of these sets, we will find a compact set K; C M \ {p} so
that P(K;) contains (A(G) \ {p}) N L;.

For i = 1,2, as in Case 1, we can use the fact that p is a bounded parabolic point for the
G-action on A(G;) to find compact sets K; C A(G;) \ {p} such that P(K;) = A(G;) \ {p}.

To find K3, we apply Proposition 2.19 twice: for ¢ = 1,2, we take G = H = G;, J; = P,
Jy =J, Uy = M\ {p}, and Uy = M \ B;. As in the previous case we need to verify that
gB; C M\ {p} for every g € G; \ J, but this follows because gB; C Int(Bs_;), which is
disjoint from A(J) and hence does not contain p.

This gives us a pair of compact set K31 and K3 o, such that for any g € G; \ J, we can
find h € P so that hgB; C K3 ;. Then, since any y € T} lies in (G1 \ J)(B1) U (G2 \ J)(B2)
by definition, we can take K3 = K31 U K32 and we are done. O

Finally, we can complete the proof of this direction of Theorem A part (iv).
Proposition 4.12. If Gy and G2 are geometrically finite, then G is geometrically finite.

Proof. Let x € A(G). We must show z is either a conical limit point or a bounded parabolic
point for G. First, if = is not a translate of a limit point of G; nor G, then x is a conical
limit point by Lemma 4.10. So, assume x € G(A(G1) U A(G3)). Acting by elements of G
preserves the properties we are trying to show, so in fact we may assume x € A(G1)UA(G>).
If = is a parabolic point of G, we are done by Lemma 4.11. Otherwise, z is necessarily a
conical limit point for G or G5 since these are geometrically finite, and again we are done
since x will also be a conical limit point for G. (Il

4.4. Geometrical finiteness of the factors. The last thing to do in this section is prove
the other direction of Theorem A part (iv), and show that G; and Gy are geometrically
finite if G is geometrically finite. The first step is the following lemma, which makes use of
the contraction property proved earlier in this section.

Lemma 4.13. Assume that G is geometrically finite. Let x € A(G;) for i € {1,2}, and
suppose that (hy) is a conical limit sequence in G for x. Then, after extracting a subsequence,
we can find some h € G so that hy € hG; for every k.

Proof. Without loss of generality take © € A(Gy). Let (hy) be a conical limit sequence for
. This means that there are distinct points a,b € M such that hxx — a and hipz — b for
any z € M\ {z}.

If there is some h € G so that hy € hJ for infinitely many k, then we are done. So we
may assume that, after taking a subsequence, each hy, is an (7, j)-form for 4, j fixed, and each
hi represents a different left J-coset in G. There are two cases to consider: either every hy
is an (4, 1)-form or every hy, is an (4, 2)-form.

First suppose that hy is an (i, 2)-form. By Lemma 4.6, after extraction the sets (hyBs)
converge to a singleton. Since z € A(G1) C Ba, and hyz — a, we must have hyBs — {a}.
Since B, is an infinite set by Proposition 3.4, there is some point z € By \ {z}, which must
satisfy hiz — a. But this is impossible if (hy) is a conical limit sequence for z.

We conclude that each hg must be (i, 1)-form. If hy € G; for infinitely many & then we
are done, so assume that this is not the case. Then after taking a subsequence we have
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|hi| > 1 for every k. We write hy, as an (i, j)-form of length n > 2:
hie = gk1- " Gk

Note that although n can depend on k, we omit this from the notation. Since hj is an
(,1)-form, we have gi,, € G1, and since A(G1) is Gi-invariant, gi ,x lies in A(G1) C Bas.
Then
(hkGxp) = (g1~ Grn—1)

is a sequence of (i,2)-forms. If the elements in this sequence lie in infinitely many different
left J-cosets in G, then we extract a subsequence and apply Lemma 4.6 to see that (hy 9r. ;Bg)
again converges to a singleton. This singleton contains the limit of (hkg,;}lgkmx) = (hgx),
so it is again equal to {a}. But then for any z € B; \ {z}, we have g,z € By and thus
hyz = hkgk_’;gk,nz — a, again giving a contradiction. We conclude that a subsequence of
(hkg,;i) lies in a single coset hJ for h € G, hence hy € hJ gy, C hGy. O

Proposition 4.14. If G is geometrically finite, then G1 and G4 are geometrically finite.

Proof. Let © € A(G1). We will show that x is either a conical limit point or a bounded
parabolic point for G;. Since G is geometrically finite, we know z is either a conical limit
point for G or a bounded parabolic point for G.

If z is a conical limit point for G, then it has a conical limit sequence (hy) in G, i.e. a
sequence such that (hix, hiz) lies in a compact subset of (M x M)\ A for any z # x in M.
By Lemma 4.13, we know that, up to subsequence, hy = hgy for g € G and h fixed. Then
(gr) is a conical limit sequence for x in G and we are done.

Otherwise, suppose z is a bounded parabolic point for G. Let P be the stabilizer of x in
G. As we observed in the proof of Lemma 4.11, part (iii) of Proposition 4.3 implies that P
is a subgroup of Gj.

Since x is a bounded parabolic point for G, again applying local compactness of A(G)\{z},
there is a compact K C A(G) \ {z} so that P(K) = A(G) \ {z}. Let K1 = K N A(G).
Since A(G1) is closed, K is compact, and since A(G1) is Gi-invariant (hence P-invariant),
we have

P(Ky) = P(KNA(G1)) = P(K) NA(Gy) = A(G1) \ {z}.

Thus z is bounded parabolic for G; and we are done. |

5. COMBINATORIAL GROUP THEORY: HNN EXTENSIONS

In this section we establish notation and give some basic facts about HNN extensions, in
preparation for our second combination theorem. Our main reference is again [Mas88]. In
this section, M is again an arbitrary compact metrizable space, but as in Section 3, these
results are purely set-theoretic. We further assume throughout this section that Gy, Gy are
subgroups of Homeo(M), where G; = (f) is infinite cyclic, and Jq, .J_;1 are subgroups of Gy
with fJ_1f~! = J;. We let G denote (Go, G1), the subgroup of Homeo(M) generated by
Gy and GG1. Note that conjugation by f induces an abstract isomorphism J_; — Ji, which
we denote f,. The indices are chosen to make notation more convenient later.

As was the case for amalgamated free products, we can define HNN extensions using
equivalence classes of normal forms.

Definition 5.1. A word g = f*' gy --- f*"g, in f and elements g of Gq is a normal form
if:
(1) Each g € Gy is nontrivial for k < n;
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(2) Each «y is an integer, with ay # 0 whenever k > 1;
(3) If a, < 0 and gx—1 € J_1 \ {1}, then ag_1 < 0;
(4) If ag, > 0 and gx—1 € J1 \ {1}, then a;_1 > 0.

Two words ¢ = f¥gy--- f g, and h = f51hy--- fPrh, are equivalent if we can ob-
tain g from h by inserting finitely many conjugates and inverses of words of the form
Fif Y f.(4)) 7! for j € J_1 (words of this form are the identity in G). Every word of
the form f*1g,--- f* g, is equivalent either to a normal form or to the trivial word, which
means that the same is true for every word in {f} U Go.

The length of a normal form g = f*gy -+ f*g, is defined to be |g| = Y7, |a;|. Note
that, in contrast to normal forms for amalgamated free products, the length of a normal
form f%g;--- f g, is not necessarily n. Length-0 normal forms correspond by definition
to elements of G.

If a normal form g = f* gy - -- f* g, has positive length, then we say it is an (4, j)-form
for some i € {0,£1} and j € {1}, determined as follows: if oy is positive (resp. negative,
zero), then ¢ = 1 (resp. —1, 0), and if «,, is positive (resp. negative), then j = 1 (resp. —1).
Our notation differs slightly from Maskit’s, which will make some of our later arguments
less cumbersome.

We set

Go*y = {id} U {equivalence classes of normal forms}.

This set forms a group, with operation given by concatenation followed by reduction to a
normal form. It is called the HNN extension of Gy by f. Note that it is not always true
that the formal inverse of a normal form ¢ is also a normal form (see Lemma 5.6 below),
but it is a formal product of normal forms, which tells us that Go*; contains inverses.

We again have a natural surjective homomorphism

¢ :Goxy = G
S [ gn = [T ogrono fTogn.

The map ¢ may or may not be an isomorphism. As was the case for amalagamated free
products, if ¢ is an isomorphism, we will abuse notation and say that G = Go*y. In this
situation, we implicitly identify elements of G with equivalence classes of normal forms in
Go*f.

As in Section 3, we want a “ping-pong” condition ensuring that ¢ actually is an isomor-
phism.

Definition 5.2. Let U;,U_1; C M be nonempty disjoint sets, with A = M \ (U; UU_;)
nonempty. We call (A,Uy,U_1) an interactive triple for Gy and Gy if the following hold:
(1) The pair (Uy,U-1) is precisely invariant under (Ji, J_1) in Gy.
(2) For i € {£1}, and for every g € Gy, gU; C AUU,.
(3) We have f(AUU;) C Uy and f~H(AUU_,) C U_;.

We say an interactive triple is proper if the set A\ (Go(U; UU_1)) is nonempty.

Note that these conditions imply that in particular gU; C A for g € G\ J;. Similarly to
Section 3, we can observe:

Proposition 5.3. If (A,Uy,U_1) is a proper interactive triple for Gy and G, then A, U,
and U_1 are all infinite sets.

Proof. Since J; is a proper subgroup of Gy, there is some element g € Go\ J1, and by precise
invariance we have gU; C A. By properness of the triple, the inclusion is proper, which
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means that fgU; is a proper subset of U;. We conclude that U; is infinite. Since gU; C A
and f~'gU; C U_; the other two sets are infinite as well. O

We have a description of the way normal forms in Gg*y act on certain sets in the inter-
active triple, in analogy to the way normal forms in an amalgamated free product act on
sets in an interactive pair.

Lemma 5.4 ([Mas88, VIL.D.11]). Suppose there is an interactive triple (A,Uy,U_1) for Gy
and Gy, and set Ag = A\ Go(U1 UUs). Let g = f*g1--- fg, € Go*s be a normal form
with |g| > 0. Then the following hold.
i) if g is an (i,7)-form for i,j € {£1}, then ¢(g9)(Ao UU;) C Us.
ii) If g is a (0, j)-form for j € {£1}, then there is h € Gy so p(g)(AgUU;) C hU C A,
where U =U_1 if as <0 and U = Uy if as > 0.

The combinatorics in this case are slightly more complicated than for amalgamated free
products, but the basic idea is the same. To illustrate the idea, consider a (1,1)-form of
length 2, for example g = fg1fg2. Then ga(Ap UU1) C AU U; by definition (in fact Ay is
Go-invariant by our conditions). Then we have

g(AgUU1) C far1f(AUUL)
C fg1(Uh)
C f(Auly)
c U;.

Conditions (3) and (4) in Definition 5.1 ensure that when we iteratively apply a normal
form to Ag U U;, we always can say where each set is mapped to next. We have chosen our
notation so that if g is an (¢, j)-form with ¢ # 0, then gU; C U;. This is consistent with the
convention for amalgamated free products.

The proposition below gives the combinatorial condition we need to ensure that ¢ is
actually an isomorphism.

Proposition 5.5 (Ping-pong for HNN extensions; [Mas88, VII.D.12] ). Suppose (A,Uy,U_1)
is a proper interactive triple for Go and G1. Then G = Gox*y.

Proof. We just need to show that ¢ : Go*xy — G is injective. This map is already injective
on Gy, so suppose g € Go*¢ has |g| > 0. Then by Lemma 5.4 we have (g)z # « for any
x € Ag = A\ Go(Up UU_1), showing that ¢(g) is not the identity. O

5.1. More combinatorics of normal forms. Normal forms in an HNN extension are
slightly more complicated than normal forms for an amalgamated free product, so here we
collect some results which will later make working with these normal forms a little easier.

5.1.1. Formal inverses. In several situations later in the paper, we will want to work with
formal inverses of (7, j)-forms. These inverses may not themselves be normal forms, but it
is still useful to work with them directly, rather than with an equivalent normal form. To
that end, we prove:

Lemma 5.6. Let g = f*gy--- f* g, be an (i,7)-form for i,j € {£1} (so in particular, g
has positive length). Then the formal inverse
g =g g

is a (0,—i)-form if g, € Go \ (J1 U J_1). The word f~ --- g7 = is a (—j, —i)-form,
regardless of gn.
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Proof. We set o = 0 and B = —a, 41 for 1 < k < n, so that g~! is the word

PP gty
We will show that, assuming g, € Go \ (J1 U J_1), this word is a normal form. Since g is
assumed to be a normal form, the only conditions in Definition 5.1 which could possibly fail
are the technical requirements (3) and (4).

To show that (3) holds, we must show that, for k > 0, if 51 < O and g, ', € J_1 \ {id},
then 8 < 0. Equivalently, we need to show that if oy 11 > 0 and ¢, € J_1, then
an— < 0. When k& > 1 this follows from condition (4) on our original normal form g,
and when k& = 0 the condition is vacuous because we assume g, ¢ J_;. The argument for
condition (4) is nearly identical.

The same reasoning implies that, independent of any conditions on g, the word

fﬂ19711 V. fﬂnfl
e
is a normal form, with 8; = —«,, and 8,1 = —aq. O

5.1.2. Ping-pong for normal forms. When we have an interactive triple (A, Uy, U_1) for an
HNN extension G, Lemma 5.4 above gives us a way to locate sets of the form gU; when g
is a normal form in G. However, the statement of the lemma is often a little unwieldy to
work with directly, so to simplify some arguments later on, we introduce some additional
terminology.

Definition 5.7. We say that a normal form
g=r"g1-f*"gn
is an HNN ping-pong form of type 1 (or just a type-1 form) if either g, € Go \ Ji, or

ay > 0. Similarly a normal form is an HNN ping-pong form of type —1 if either a,, < 0 or
gn € GO \ J71~

Note that if |g| = 0, then g has type i if and only if g € G \ J;. An (4, j)-form is always
of type j, and it may or may not also be of type —j. If (A,U;,U_1) is an interactive triple
for Go, (f), then a normal form g has type k when the dynamics of the triple allow us to
locate the set gUy. That is, we have the following immediate consequence of Lemma 5.4:

Lemma 5.8. Let (A,Uy,U_1) be an interactive triple for Gy and (f). If g is an (i, j)-form
of type k, and i # 0, then gUy, C U;.

Frequently we will want to apply inductive arguments to normal forms, which means that
we want some control over the ping-pong behavior of a prefix of an (4, j)-form. The lemma
below gives one way to do this. Here (and elsewhere), a “prefix” h’ of a normal form h
is a normal form which appears as an initial subword of h. That is, if h is a normal form
f*g1--- f%gp, then a prefix b’ is a normal form f* gy - f* g for some 1 < k <n. We
also allow a “prefix” to be any word of the form f® gy - - - gp_1 f® where || < okl

Lemma 5.9. Let (A,Uy,U_1) be an interactive triple for Go and (f), and let g be a type-i
ping-pong form of length m > 1. Then for some j € {—1,1}, there is a length-(m — 1) prefiz
g of g and gy € Gy so that g =g’ figo and figoU; C U;. If |¢'| > 1, then g’ is type j.

Proof. When m = 1 we can just take ¢’ = id, so assume m > 1. We let g = f*1g;--- fO g,
be a type-i ping-pong form. Without loss of generality assume «a,, > 0, and consider the
normal form

g =99, =M [ g SO
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This is a normal form with positive length m — 1, and it is a prefix of g. It is also type 1:
if ap, > 1 or g1 € G\ Jy, then this follows directly from the definition; if a,, = 1 and
gn—1 € J1, then, since f*' gy --- f*1g,_1f* g, is a normal form, we must have a,,_1 > 0,
which again means the above form has type 1.

We need to verify that fg,U; C Uy, which will show the lemma holds with gy = g,,. If
i =1, then fg,U; = fg,U; C U;. On the other hand, if ¢ = —1, then since «,, > 0 and g
has type ¢, we must have g, € G\ J_1. Then fg,U; = fg,U_1 C Uy. O

We will also sometimes want to characterize elements in G via their action on sets in
an interactive triple (A,U;,U_1). This can again be expressed using the ping-pong type of
normal forms for these elements. The lemma below is a precise statement of this form, and
generalizes the fact that in Gy, (Uy,U_1) is precisely invariant under (Jq, J_1):

Lemma 5.10. Let (A,Uy,U_1) be an interactive triple for Gy and (f). Let g be a ping-pong
form of type i and let h be a ping-pong form of type k.

Suppose that |g| = |h|. Then either i = k, gU; = hU;, and g = hj for j € J;, or
gU, N hU, = 2.

Proof. We proceed by induction on the length m of g and h; the main idea is to use the
previous lemma to find prefixes of g and h where we can assume that the statement holds,
and then apply precise invariance of (Uy,U_1) under (Jq,J_1) for the inductive step.

First observe that, if g, h are elements of Gg, and if gU; N hU;, # @, then the fact that
(U1,U_1) is precisely invariant under (Jq,J_1) implies i = k and g = hj for j € J;. Now,
let m > 1, let g, h be normal forms with |g| = |h| = m, and suppose that g has type i, h
has type k, and gU; N AUy, # O.

By Lemma 5.9 we can find prefixes ¢’, b’ of type ', k' respectively, with |¢'| = |h/| = m—1
and g = ¢'f" gy, h = W' f¥ hy for go, ho € Gy satisfying ¥ goU; C Uy and f¥ hoUy, C Uy
Then we know that both gU; C ¢’'Uy and hUy, C /Uy hold, which means that h'Uy Ng'Uyr #
@. By induction (or by precise invariance if n = 1), we know that ¢/ = k¥’ and b/ = ¢'j’ for
4’ € Jy. Without loss of generality take i’ = k' =1, so j' € Ji.

Then since gU; = ¢’ fgoU; has nonempty intersection with hUy = h'/ fhoUy = ¢'j' fhoUk,
the intersection fgoU; N 5’ fhoUy is also nonempty. Since f conjugates J; to J_1, for some
7" € J_1 we have j'fho = fj"ho. Then fgoU; N fj"hoUy is nonempty as well, hence
goU; N 7" hoUy, # @. Then by precise invariance we know ¢ = k and gg = j"hgoj for j € J;.

Finally, we see that

g=9fg0=9fi"hoj =93 fhoj = W fhoj = hj,

and we are done. O

6. THEOREM B

In this section we prove Theorem B. The proof is very similar in spirit and structure
to the proof of Theorem A, but the details are different. Where possible, we have tried to
imitate the structure of Section 4, and have indicated the analogies between the proofs.

We start (as in Section 4) by setting up the general ping-pong framework.

Definition B (HNN Ping-Pong Position). Let Gy be a discrete convergence group acting
on a compact metrizable space M, and suppose that Ji,J_1 < G are both geometrically
finite. Let G; = (f) be an infinite discrete convergence group also acting on M, where
fJ_1f~t = J; in Homeo(M). We will say Gg is in HNN ping-pong position (with respect
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to f,J1 and J_q) if there exist closed sets By, B_1 C M with nonempty disjoint interiors
satisfying the following:

(1) (By,B-1) is precisely invariant under (Jy,J_1) in Gg (recall Definition 3.1).

(2) IfA=M \ (Bl U B—l); then f(A @] Bl) = Int(Bl)

(3) For 7 € {:l:l}, we have A(Go) NB; = A(JZ)

(4) The set Ag = M \ Go(B1 U B_1) is nonempty.

Remark 6.1. Note that our precise invariance assumption forces By N B_1 = &.
We restate Theorem B here for reference.

Theorem B. Let Gy be a discrete convergence group acting on a compact metrizable space
M, and suppose that Jy, J_1 < Go are both geometrically finite. Let G1 = (f) be an infinite
cyclic discrete convergence group also acting on M, where fJ_1f~! = Jy in Homeo(M).
Suppose G is in HNN ping-pong position with respect to f,J1 and J_1. Let G = (Gy, G1) <
Homeo(M), and suppose G is a convergence group. Then the following hold:

(i) G is discrete.

(1ii) Elements of G not conjugate into Gy are lozodromic.

(iv) G is geometrically finite if and only if Gy is geometrically finite.

Remark 6.2. As was the case for amalgamated free products, when M = 9H3,, this theorem
is not strong enough to recover Maskit’s full result, since we ask for stronger hypotheses
on our ping-pong configuration. Specifically, we do not allow B; and B_; to intersect, and
consequently f cannot be parabolic. This condition ensures that our subgroups are fully
quasi-convex, and allows us to apply Proposition 2.19.

Before proving the first three parts of Theorem B, we give the following slightly stronger
version of Lemma 5.8, which will be useful throughout this section.

Lemma 6.3. Suppose that g is an (i,7)-form of type k. If i # 0, then gBy C Int(B;), and
if i =0, then gBy, C A.

Proof. First suppose that ¢ # 0. Without loss of generality, we may assume that g is
a (1,j)-form. We first suppose that |g| = 1, so that ¢ = fg1 for g1 € Go. If k = 1,
then g1B; is a subset of M \ B_; = Int(A U B;) by precise invariance. In fact it is a
proper subset by properness of the interactive triple, so fg1B1 C Int(B;) by condition (2)
in Definition B. If k& = —1, then since g has type k, we must have ¢ € Go \ J-1 and
g1B-1 € M\ By = Int(A U By). Again, the inclusion is proper by properness of the
interactive triple, so again we have fg; B_; C Int(B).

When |g| > 1, we can apply Lemma 5.9 and induction: we write g = ¢/ f’g,, where ¢’ is
a type-j normal form with length |g| — 1, and f7g,, By, C Bj;. Via induction we know that
¢'B; C Int(By), which means gBj, C Int(B).

The case 7 = 0 follows from the first case and precise invariance of B; under J;, since any
(0, 7)-form g can be written g = g1¢’, where ¢’ is an (i, j)-form and ¢g; € G \ J;. O

We now prove the first three parts of Theorem B. Again, the arguments are standard.

Proof of (i) - (iit) in Theorem B. (i) Let By and B_; be the sets given by our conditions,
and set A = M\ (B;UB_1). Note that condition (2) of Definition B implies f~*(AUB_;) =
Int(B_1). The result now follows from Proposition 5.5 since (A4, Int(By), Int(B_1)) form an
interactive triple which is proper by condition (4) of Definition B.
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(ii) Tt suffices to show no sequence (gi) in G can accumulate at the identity. If |gi| = 0,
then gy lies in the discrete group Gy, so assume |gi| > 1 for all k. We can consider several
cases. If a normal form for g; ends in a power of f, then gyAg C B; U B_;. Otherwise,
gr is either a (0,1) or a (0, —1)-form. In the former case, gy By C A, and in the latter case
grB_1 C A. In each of these cases, gi takes a fixed set with nonempty interior into another
fixed disjoint set, which means g; cannot accumulate on the identity.

(iii) Let g = f*gy--- f* g, be a normal form not conjugate into Gy. Conjugating
and replacing g with g=! if necessary, we can assume that a; > 0 (so g is a (1, j)-form)
and that |g| is minimal in its conjugacy class. Note that if o, < 0 and g, € Jy, then
flgf = forlgy - fontlf—1lg f has a strictly smaller length than g since f~lg,f € J_1,
so we know that either a,, > 0 or g, € Gp \ J1. That is, g is a (1, j)-form of type 1, so by
Lemma 6.3, gB; is a proper subset of Int(B;). Then the same argument as in Theorem A
part (iii) implies that g has infinite order, and a fixed point in Int(B).

On the other hand if gB; is a proper subset of By, then g=!(M \ gB;) is a proper subset
of M\ Bj, so the same argument again shows that ¢! has a fixed point in the closure of
M\ By. Thus g has two distinct fixed points and is loxodromic. O

6.1. Limit sets of HNN extensions. The remainder of the section is meant to prove part
(iv) of Theorem B, so for the rest of the paper we fix the space M and groups Gy, J, {f), G
in Homeo(M) satisfying the conditions of Definition B. As for Theorem A, we start by
establishing some properties of the limit points of G under these assumptions.

Proposition 6.4. With the above conditions and notation, each of the following holds.

(i) By N B_y = &, and [ is loxodromic with attracting fized point in Int(By) and
repelling fixed point in Int(B_1).
(i6) A(J2) C OB,
(111) A(Go) \ Go(A(J1)UA(J_1)) C Ag.

Proof. (i) The fact that By N B_; = & follows from precise invariance of (By, B_1) under
(J1,J-1) in Go. Now, since f(AU By) = Int(B;), we have f(0B_1) = 0B, and so fB; C
Int(Bj). Arguing as in the proof of Theorem A part (iii), we know this implies f has a fixed
point in Int(B;) which is necessarily attracting. The same argument applied to f~! gives a
fixed point in Int(B_1) which is necessarily a repelling fixed point for f.

(ii) Since B; is closed and Jy-invariant, and Int(B;) is infinite by Proposition 5.3, it follows
that A(J;) C B;. Further, since f conjugates J_; to Ji, f maps A(J_1) bijectively onto
A(J7). Hence

A(Jh) = fA(J-1) C fB.1 =B_1UAUOIB;.

So we conclude A(J1) C (B-1 UAUOABy) N By = 0B as desired. Applying an identical
argument using f~! gives A(J_1) C dB_;.

(iii) Fix € A(Gyp), and suppose that « ¢ Ay, i.e. that x = gy for g € Gy and y € B;.
Then y = g~ 'z € A(Go) N B;, which means y € A(J;) by condition (3) in Definition B, and
therefore © € Go(A(J;)). Tt follows that A(Gy) \ Ap is contained in Go(A(J1) U A(J-1)),
which is equivalent to the desired claim. O

6.2. HNN ping-pong and contraction. Next, we will establish a contraction lemma for
HNN ping-pong sequences, similar to Lemma 4.6 for amalgamated free products. As in the
earlier case, the key tool is Proposition 2.19, so we start by establishing that the subgroups
Ji and J_; are fully quasi-convex in some ambient geometrically finite group.

First, we show:
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Lemma 6.5. Fizi,j € {+1} and g € G. Then g0B; N0B; # & if and only if either:
(1) i=j and g € J;, or
(2) i=—j and g = f’h for h € J,.

Proof. We induct on the length of g. If |g| = 0, then the claim follows from precise invariance
of (By,B_1) under (Ji,J_1) in Go, so suppose |g| > 1, and for simplicity, assume i = 1.
We write a normal form f*.g;--- f*g, for g. If this ping-pong form has type 1, then
Lemma 6.3 implies that ¢gB; C Int(B;) UInt(B_1) U A, hence g0B; N 0B; = &. So we
can assume that this ping-pong form does not have type 1, which means that a,, < 0 and
gn € J1. In this case, f~1g,0B; = 0B_;.

After cancelling inverses, the expression g’ = gg; ! f has strictly smaller length than g, so
if ¢0B_1 N 0B; # & then by induction we know that either j = —1 and ¢’ € J_;, or j =1
and ¢’ = fh for h € J_;. In the former case we can rewrite g = ¢'f~1g, = f~'g"gn for
g" € Ji, and in the latter case we can rewrite g = ¢'f g, = fhf g, = ¢" g, for ¢’ € J;.
Since g,, € J; the conclusion follows. O

The lemma above implies in particular that 0B; is precisely invariant under J; in both
G and Gg. Then, after applying part (ii) of Proposition 6.4, we see:

Corollary 6.6. Let H be one of G or Go. If H is geometrically finite, then J; and J_1 are
fully quasi-convexr subgroups of H.

Now, we can apply Proposition 2.19 to the present setting:

Lemma 6.7. Suppose that either G or Gy is geometrically finite. For i € {£1}, we can
find a compact K C AU B_; so that both of the following hold:

(i) For any g € Gg, we have j € J; so that jgB_; C K.

(ii) For any g € Go \ J;, we have j € J; so jgB; C K.

Proof. Without loss of generality, assume 7 = 1. We can find a compact set for each claim
separately and take their union. First, we focus on (i). There are two cases to consider:
either g € J_1, or g € Go \ J-1. Again, it suffices to find a separate compact set K for
each of these cases. In the case where g € J_;, we may take K = B_; and choose j to
be the identity, since B_; is J_j-invariant and compact. So, we consider the case where
g € Go \ J_1. For this, we apply Proposition 2.19: we take the ambient geometrically finite
group to be either G or Gy (depending on which one is geometrically finite), the subgroup
H to be Gy, and the two fully quasi-convex subgroups to be J; and J_;, with corresponding
invariant open sets Uy = M \ By and U_; = M \ B_;. Then if g € Gy \ J_1, we have
g(M\U-1) =g(B_-1) C AC Ui, and so the proposition gives our desired compact subset
KcU =AUB_;.

For (ii), the proof amounts to another application of Proposition 2.19 similar to the
second case above. This time, J; plays the role of both fully quasi-convex subgroups in the
statement of Proposition 2.19, and both of the open sets Uy, Us are M\ By = AUB_;. O

We can now establish the HNN contraction property:

Lemma 6.8 (Contraction for HNN extensions). Suppose that either G or Gy is geometrically
finite, and let (hy) be a sequence of type-i forms such that the left cosets hyJ; are all distinct.
Then up to subsequence, (hyB;) converges to a singleton {x}.

It follows from Lemma 6.5 that any group element g € G satisfying ¢B; = B; must lie in
Ji. So, asking for the left cosets (hyJ;) to be distinct is the same as asking for the translates
(hgB;) to be distinct.
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Proof. To simplify notation, assume ¢ = 1. The proof is very similar to the proof of
Lemma 4.6. The first step is to show the following:

Claim. After extracting a subsequence, there is a fixed £ = +1, a compact set K C AUB_,
and a sequence (ji) in Ji so that jxhy,'By C K for all k.

To prove the claim, we first suppose that |hg| = 0. Then, since h; has type 1, we know
hi € Go \ J1. Then we take £ = 1, and apply Lemma 6.7 to find the required set K and
elements ji. Otherwise, suppose that |h;| > 1, and write out a normal form for hy:

hi, = % i1 f**" Gron.

We consider the inverse word
—1 — O, —1 —Q,
gk,nf e 'gk,1f L.

By Lemma 5.6, the sub-word gkmh,;l = fT%%m .. ~gk_if’°‘k‘v1 is a normal form, which must
have length at least 1. Up to subsequence, for every k this ping-pong form is type ¢ for
some fixed ¢ = +1, meaning that gkvnh,leg C By if —ag, > 0 and gk,nhlleg C B_q if
—apn < 0. After extracting another subsequence we can assume one of these conditions
holds for every k.

In the case where —ay, ,, < 0 for every k, we can use Lemma 6.7 to find elements jj € J;
and a compact K C AU B_; so that jkg,;;B_l C K for every k. Then, we know that for
every k, we have

jehi ' Be = jrgingemhy ' Be C jrgynB-1 C K.

On the other hand, if —ay, > 0, then since hy has type 1 we know that g, € Go\Ji. Then
again by Lemma 6.7 we can find a compact K C AUB_; and j € J; so that jkg;iBl Cc K.
Thus, we have

Jehy, ' Be = kg n9kmhi ‘Be C jrgynBi C K.

We have shown the claim above, so now consider the sequence (hkjk_l). Since all the
translates hiBp are distinct, the group elements hy lie in infinitely many left J;-cosets,
hence so do the group elements hyj, ! In particular, the sequence hy, Jr 1is divergent in G,
so we can extract a convergence subsequence and assume that there are points z4,z_ € M
so that (hkj,zly) converges to z, whenever y # z_. Equivalently, (jkhgly) converges to z_
whenever y # z4.

Proposition 5.3 tells us that the set Bj is infinite, so in particular there must be some
y € B1 \ {z+}. Then, since jih;'B; C K we conclude that 2 € K. Finally, since By is
a compact set in the complement of K, we see that (hyj, ' B1) = (hyB1) must converge to

{z+}. O

6.3. Geometrical finiteness of the extension. We now prove that (G geometrically
finite) = (G geometrically finite). This gives one direction of Theorem B part (iv).

As in the proof of the analogous direction of Theorem A, the key for this direction of
theorem is to show that limit points in A(G)\ A(Gg) can be “coded” by sequences of (i, j)-
forms in G. The precise statement is:

Proposition 6.9 (HNN coding for G-limit points). Suppose that either G or Gy is geomet-
rically finite, and let x € By U B_1 be a point in A(G) \ G(A(Gy)). Then for fized £, there
is a sequence of type-C forms (hg) in G so that |hi| — oo, each hy is a prefiz of hyy1, and
x € hiBy for every k.
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We can think of this proposition as a less explicit version of Proposition 4.7 in the
amalgamated free product case. The construction in this case is slightly more involved, and
we need a little more information about the location of certain points in A(G). So, we start
by showing the following:

Lemma 6.10. Suppose that either G or Gq is geometrically finite. Then the only limit
points of G in OBy1 are limit points of Jy1. That is, A(G) NOB11 = A(J41).

Proof. We will show that the intersection A(G) N (0By UOB_1) is a subset of A(Gp); then
we will be done by condition (3) in Definition B. So, let x € A(G) N 9B;. We can find a
sequence (gi) in G so that gpz — « for all but perhaps a single z € M. Now, if g, € Gy for
infinitely many k, the conclusion immediately follows. So we may assume |gi| > 1 for every
k.

Up to subsequence, the g; are all (i, j)-forms for fixed i € {0,£1} and 57 € {£1}. If
i = —1, then gy B; C Int(B_1). But for some z € Bj, the sequence (grz) converges to
x € 0By. So, we know that either i =0 or i = 1.

If i = 0, then by Lemma 5.4, for some ¢ = +1 and some h;, € Gg \ J;, we have g, B; C
hix By C A. There must be infinitely many distinct translates hy By, since otherwise each gz
would lie in a fixed compact subset of A, and (gxz) could not converge to x € B;. So, the
left cosets hyJy are all distinct. Then by Lemma 6.8, the sequence of sets (hyBy) converges
to a singleton, which must be . But since hy, € Gy this again implies that € A(G)p).

Finally, we consider the case where i = 1. We write out a normal form for g:

gk = g1 FF Grone
First observe that if a1 > 1 for infinitely many k, then the word

G =F"tge =" e g

is still a (1,7)-form, which means that f~'gyB; C Bj for infinitely many k. But then
for infinitely many k, the point gz lies in the compact subset fB; C Int(Bj), which is
impossible since gz — * € 0B;.
We conclude that after extraction, we have oy, 1 = 1 for every k. After further extraction,

we can assume that one of the the three conditions below holds for every k:

(a) The length of gj, is zero;

(b) g}, is a (0, j)-form;

(c) g}, is not a normal form, hence g;1 € J1 and ag 2 > 0.
If either (a) or (b) holds, we can use the first two cases of this proof to see that that f~1x
lies in A(Go)NIOB_1 = A(J_1), and thus € A(J1). And, (c) cannot occur: if o, 2 > 0, then
the word f2gyo--- f* gy, is a (1, j)-form, which means g}z € gi1B1, and if gr1 € Ji
then grz = fg;,z € fB; and again (g,2z) cannot converge to x € 9B. O

We now set about proving Proposition 6.9. As in the analogous situation in the amalga-
mated free product case, we follow Maskit’s strategy by defining certain “ping-pong” sets in
M. Let Ty ; = Go(B;), and Ty = T 1 UTp,—1 = Go(B1UB_1), the union of all G translates
of By and B_1.

More generally, let

Th—1= UQB—1,

where the union is taken over length-m ping-pong forms g of type —1. Similarly, let

Tm,l = UgBl,
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where the union is taken over length-m ping-pong forms of type 1. Let
Tm = 4dm,1 U Tm,fl'

Lemma 5.9 implies that the sets T, are decreasing: for any length-m ping-pong form g
with type ¢, we can use the lemma to find a length-(m — 1) ping-pong form ¢’ with type j,
and go € Gy so that gB; = ¢'f?goB; C ¢'B;. So, we can now consider the set

(oo}

T = ﬂ Ton-

m=0

FIGURE 6.1. Part of the sets Ty and T7.

The proof of Proposition 6.9 mainly involves showing that A(G) \ G(A(Gy)) C T. Then,
we construct the desired sequence using the definition for 7. The first step is:

Lemma 6.11. Suppose either G or Gq is geometrically finite. Then A(G)\ A(Go) C Tp.

Proof. This argument is similar to the proof of Lemma 6.10. Suppose y € A(G) does not lie
in Ty (that is, y € Ap). We must show y € A(Gp). Since y € A(G), we can find a sequence
(gr) in G so that gyw — y for all but a single w € M. If g, € Gy for infinitely many k we
will have y € A(Gy) as desired, so now suppose that |gx| > 1 for infinitely many k. After
extracting a subsequence we can assume that each gy is an (¢, j)-form for 4, fixed. Since
B, is an infinite set, we can fix some w € B; so that (grw) converges to y.

By definition, we know that grw € T},, so in particular grw € Ty for every k. Then, we
can extract a further subsequence so that grw € Go(B;) for fixed ¢ and write grw = g}, 2k
for gj. € Go and zj, € B;.

Asy ¢ Tp, there must be infinitely many distinct translates g} B;, because otherwise every
g2, would lie in a fixed compact subset of Ty. Thus there are infinitely many distinct cosets
gr.Ji, and Lemma 6.8 tells us that after extraction, (g, B;) must converge to a singleton.
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Since g;,z — v, it follows that this singleton is y. Hence for any choice of z € B; we have
grz — Y, s0 y € A(Gy). O

Proof of Proposition 6.9. We first prove that A(G) \ G(A(Gyp)) C T. So, fix z € A(G), and
suppose z ¢ T. We will show z € G(A(Gy)).

If z € A(Go) we are done. Hence by Lemma 6.11 we can assume z € Ty. Then we can
find m > 0 so that z € T),,—1 \ T}, since these sets are decreasing. Without loss of generality,
we have z € gB_; for g = f*¢g; -+ f* g, a normal form with length m — 1 and type —1.
If g7'2 € OB_4, then since A(G) is G-invariant we have g~z € A(G) N dB; = A(J_1) by
Lemma 6.10 and we are done. So suppose g~ 'z € Int(B_1).

Since z ¢ T,, and gf~! has length m, we have fg~'z ¢ B_;. Also, fg~'z ¢ Bj since
f does not map any points of Int(B_1) into By. It follows that fg~'z ¢ B; U Ba, but
also, fg~'z cannot be in a translate of By nor B,. Indeed, if fg='z = hy for y € B; and
h € Gy, then h € G \ J; since hy ¢ B; and B; is J-invariant. Hence z = gf ~thy € Ty,
a contradiction. Hence fg~='z ¢ Ty, and so by Lemma 6.11 we have fg='z € A(Gy) and
z € G(A(Gy)) as desired.

We have now shown that A(G) \ G(A(Go)) C T, so consider z € T. We will construct
our sequence (hy) of normal forms inductively. We know that z € T1, so we can find some
normal form h; with type ¢; so that z € h1B;,. Now, assume that we have constructed a
normal form Ay, of type i so that z € hyB;. Since z € Ty 1, we can find a normal form hj_,
with length & + 1 and type £ so that = € hj_, B;. Then, by Lemma 5.9, there is a type-i’
form hj, with length k and go € Gy so that hj,, = h}f"go and hj_ By C hjBy. Then
hj, By has nonempty intersection with hyB;, so by Lemma 5.10 we have ¢ = ¢’ and hyj = h),
for j € J;. We can write jf* = f'j’ for j/ € J_;. Then since hy has type i, hy is a prefix
of the type-£ form hyi1 = hy f'j’go. This form is equivalent in G to the type-¢ form h, 1
hence z € hi4+1By.

Finally, by taking a subsequence, we can assume that each hy is a form of type ¢ for £
fixed, and we are done. O

As for amalgamated free products, we can use the coding given by Proposition 6.9 to
construct conical limit sequences for points in A(G) \ G(A(Gy)):

Lemma 6.12. If Gy is geometrically finite, then every point of A(G)\G(A(Gp)) is a conical
limit point for G.

Proof. Let x € A(G)\G(A(Gp)). Proposition 6.9 says that for i fixed, we can find a sequence
(hg) of ping-pong forms of type 4, with |hgx| — oo, so that each hy is a prefix of hgy1, and
x € hgB; for all k. Possibly after relabeling we may assume i = 1.

‘We write hy in a normal form:

falgl . fankgnk.

If a; = 0, then ay # 0, in which case hj, = f*?¢gy--- f*k gy, is a ping-pong form of type 1
such that h} B; contains ' = gy 'a. Since ' is a conical limit point if and only if = is, if
necessary we can replace x with =’ and hy with b}, and assume that a; # 0. That is, hy, is
an (¢, j)-form for £ # 0, so hyB; C By.
Further, since x € hy By, by replacing = with hl_lx and hy with hl_lhk, we can assume
that also z € By, hence hyB1 N By # @. Since hyB; C By we have ¢ = 1, meaning oy > 0.
Now, consider the sequence of sets

(hy'B_1) = (g} f O - gy ' f ™ B_y).
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By Lemma 5.6, the word f~%"« - - -g:flf_o‘1 is a normal form; since oy > 0 it is a form of
type —1, implying that f=%m --- g7 f~® B_; is a subset of B if a,,, < 0 and a subset of
B_; if ay, > 0. And, since hy is a form of type 1, we know that either g,, € Go\ Jy or
Oy, > 0.

To prove that x is conical, we want to apply Lemma 2.10, which means we need to
produce distinct elements gx, a set Y with at least two points, and disjoint compact sets
K; and K3 so that grz € Ky and Y C K;. Let K C AUB_; = M \ By be the compact
from Lemma 6.7, and take Y = B_1, Ky = K and Ky = B;. We know Y contains at least
two points from Proposition 5.3, so we just need to produce the sequence (gx) by modifying
hit.

For each fixed k, we already have h,;lx € B as desired. If ap, > 0, then h,;lB_l -
g,jle,l. From the definition of K, we can find jp € J; so that jkg;le,l C K, hence
Jihi*B_1 C K.

On the other hand, if a,, < 0, then we necessarily have g,, € Go \ J1, and h,:lB_l C
g;lel C A. Again using the definition of K, we can find j; € J; so that jkg;lel C K,
hence jkhng,l C K.

In either of these cases, we have jkhlle_l C K and jkhlzlx € jrB1 = B, which means
we can take g = jk.h,;l to complete the proof. O

We next consider parabolic points.

Lemma 6.13. Suppose that Gg is geometrically finite. If p € A(Gp) is a parabolic point for
the action of Go on A(Gy), then p is a bounded parabolic point for the action of G on A(G).

Proof. Let p € A(Gg) be a parabolic point for G, and let P be the stabilizer of p in G. Since
p is a bounded parabolic point for the action of Gy on A(Gp), and P contains the stabilizer
of p in Gy, we know that there is a compact K C A(Gp) \ {p} so that P(K) = A(Go) \ {p}.
We want to find a compact K C A(G) \ {p} so that P(K) = A(G) \ {p}.

As in the proof of Lemma 4.11, our strategy is to show that A(G)\ {p} can be decomposed
into several pieces, such that each piece is either far away from p to begin with, or can
be pushed uniformly far away from p using either the boundedness of p in A(Gg) or an
application of Proposition 2.19. We consider two cases:

Case 1: p € A(Go) \ Go(A(J1) UA(J_1)). In this case, Lemma 6.11 tells us that each point
in A(G) \ {p} lies in the union A(Gy) UTy. We can further decompose Ty by intersecting it
with (B; UB_1) and its complement A, meaning we decompose A(G)\ {p} into three pieces
lying in

L1 =A(Go), Lo=(BiUB_1), Ls;=TyNA.

For each L;, we need to find a compact set K; C M \ {p} so that if y € A(G) N L;, then we
can find h € P so that hy € K;. Then we can take K = K; U Ky U K3.

We know we can take Ki = K from the boundedness of p in A(Gy), and from part (3)
of Definition B we know that By U B_; is already a compact subset of M \ {p}. So, we just
need to find the compact set K3.

We apply Proposition 2.19, taking H = Go, J1 = P, Uy = M \ {p}, Jo = Jx1, and
Uy = M \ B4, to see that there are sets Ky, K_ C M \ {p} such that for any g € Go \ Jx1,
we can find h € P so that hgB4+1 C K+. To justify the application of the proposition, we
need to check that for every g € Go \ Ji1, we have gB11 C M \ {p}, but this follows from
part (iii) of Proposition 6.4. Then, we take K3 = Ky U K_.
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Now, if y € Ty N A, then by definition we know that y € (Go \ J1)(B1) U (Go \ J-1)(B-1).
But then by definition of K1 we know that we can find h € P so that hy € KL UK_ = K3
and we are done.

Case 2: p € Go(A(J1) UA(J-1)). Since G acts by homeomorphisms it suffices to consider
p € A(J1) UA(J_1). Without loss of generality take p € A(Jy). As in the previous case, we
decompose A(G) \ {p} into several different pieces, by writing M as the union

M= fBUfAUOB, UAUB._,.

Since p € 0By, the sets fB; C Int(B;) and B_; are compact sets in the complement of p.
So, we only need to consider the three pieces of A(G) \ {p} contained in the three sets

oB1, A, fA.

We can further decompose these pieces by intersecting each of them with the sets A(Gy),
fA(Gp) and their complements in M. By Lemma 6.10, we know that 9B1 N A(G) C A(Gy).
Also, from Lemma 6.11, we know that A(G) \ A(Gyp) lies in Ty, which means we now only
need to consider the pieces of A(G) \ {p} contained in the four sets

Ly = A(Go), Ly = TO n A, L3 = fA(Go), Ly = f(TO N A)

We want to find compact sets K1, Ko, K3, K4 C M\{p} so that for each y € L;N(A(G)\{p}),
we can find h € P so that hy € K;.

We already know that we can take K7 = K , and to find K5, we can use the exact same
construction we used for K3 in Case 1. To justify the application of Proposition 2.19 in this
situation, we again need to check that for any g € Gg \ J11, we have gBy; C M \ {p}. This
time, the desired inclusion follows from precise invariance of (By, B_1) under (Ji,J_1) and
the fact that p € B;.

Finally, to find K3 and K4, we just apply the same exact arguments to the parabolic
point f~'p € A(J_1) and its stabilizer f~1Pf, to obtain a pair of compact sets K}, K} C
M \ {f~'p} such that for any z € (A(G) \ {f~'p}) N (L1 U Ly), we can find h € P so
that f~'hfz € K} UK. We can take K3 = fK} and K; = fK} (see Figure 6.2). Then
if y € (MG)\{p}) N (Ls U Ls) = (AMG)\ {p}) N (fL1 U fL2), we have y = fz for z €
(AMG)\ {f~'p}) N (L1 U L), and we can find h € P so that f~'hfz € f~'K3U f~ 'Ky,
hence hy € K3 U K. (]

Finally, we complete the proof of this direction of Theorem B part (iv):
Proposition 6.14. If Gq is geometrically finite, then G is geometrically finite.

Proof. We must show that any € A(G) is a conical limit point or bounded parabolic point.
By Lemma 6.12, we may assume x € G(A(Gy)). Since G acts by homeomorphisms, in fact
we can assume that x € A(Gp). Since Gy is geometrically finite, x is either a conical limit
point or bounded parabolic point for the action of Go on A(Gp). In the former case, x is also
a conical limit point for G acting on A(G), and in the latter case z is a bounded parabolic
point for G acting on A(G) by Lemma 6.13. Hence G is geometrically finite. ]

6.4. Geometrical finiteness of G. Finally, we prove the other direction of Theorem B
part (iv), and show that if G is geometrically finite, then so is Gy. As for the amalgamated
free product case, the first step is the following:

Lemma 6.15. Assume that G is geometrically finite. Let x € A(Go) \ Go(A(J1) UA(J-1)),
and suppose that (hy) is a conical limit sequence in G for x. Then, after extracting a
subsequence, we can find some h € G so that hy, € hGy for every k.
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FIGURE 6.2. Illustration for Case 2 of Lemma 6.13. The sets B_; and
f(B1) are already compact subsets of M \ {p}, so we need to divide the rest
of A(G) into pieces. The sets K; and K4 (not pictured) lie in A(Gy) \ {p}

and f(A(Go)) \ {p}-

Proof. By Proposition 6.4 part (iii), we know = € Ay C A. Since (hy) is a conical limit
sequence for z, there are distinct points a,b € M so that hyz — a and hipz — b for any

If hy, € Gy for infinitely many k then we are done, so we may assume |hy| > 1 for every
k. Suppose we can write hy = hj, fgr where |h}| = |h| — 1 (the case where hy = hyf~ g
is similar). We note that gyz € Ag C A still since Ay is Gp-invariant.

Consider the sequence (hkggl) = (h},f). We know that fgrx € fA C By, so hyz lies
in h) By for every k. If the hj are all in distinct left Ji-cosets in G, the sequence (h},B)
converges to a singleton by Lemma 6.8. The limit of (hiz) is contained in this singleton, so
the singleton is {a}. On the other hand, since A is infinite, the set g;lA is also infinite, so
there is at least one point z in g,;lA \ {x}. But then hyz € hkg,zlA, so we have

hiz € Wi fgrg, "A C hifA C h},B;.

This means that (hz) converges to a, which contradicts the fact that (hy) is a conical limit
sequence for x.

So, after taking a subsequence, we must have h) € h'J; for some fixed b’ € G. Then for
every k, we have hy € ' J1 fgr = W fJ_19x C I fGyp, and we are done. O

Proposition 6.16. If G is geometrically finite, then Go is geometrically finite.

Proof. We must show that any € A(Gg) is a conical limit point or bounded parabolic
point for the Gy-action. Since G is geometrically finite, x is either a conical limit point or
bounded parabolic point for the G-action. In the former case, by Lemma 6.15 we conclude
that there is a conical limit sequence of the form (hgy) for z, where h € G and g, € Go.
Then (gi) is a conical limit sequence for z in Gy and we are done.
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In the latter case, let P < G be the stabilizer of x, a parabolic subgroup of G. We claim
that in fact P is a subgroup of Gy. If € A(J1)UA(J-1), then z lies in either 9By or 0B_1,
and then this follows from Lemma 6.5. And, if z = gy for y € A(J1) UA(J_1) and g € G,
then the stabilizer of x lies in gGog~! = Go. Finally, if z € A(Go) \ Go(A(J1) UA(J_1)),
then part (iii) of Proposition 6.4 says that € Ag, and Lemma 5.4 implies that no element
of G with positive length can fix a point in Ay.

Now, since z is a bounded parabolic point for the G-action on A(G), local compactness
of A(G) \ {z} implies that there is some compact K C A(G) so that P(K) = A(G) \ {z}.
We let Ko = K N A(Gy), which is a compact set in A(Go) \ {z}.

Using Go-invariance (and hence P-invariance) of A(Gp), we now have that

P(Ko) = P(K N A(Go)) = P(K) N A(Go) = A(Go) \ {x}
as desired. O
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